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Pattern Representation in Feature Extraction

and Classifier Design: Matrix Versus Vector?

Zhe Wang, Songcan Chen∗, Jun Liu, Daoqiang Zhang

Abstract

The matrix, as an extended pattern representation to the vector, has proven to be effective in

feature extraction. But the subsequent classifier following the matrix-pattern-oriented feature extraction

is generally still based on the vector pattern representation (namely MatFE+VecCD), where it has been

demonstrated that the effectiveness in classification just attributes to the matrix representation in feature

extraction. This paper looks at the possibility of applying the matrix pattern representation to both

feature extraction and classifier design. To this end, we propose a so-called fully matrixized approach,

i.e. the matrix-pattern-oriented feature extraction followed by the matrix-pattern-oriented classifier design

(MatFE+MatCD). To more comprehensively validate MatFE+MatCD, we further consider all the possible

combinations of feature extraction (FE) and classifier design (CD) on the basis of patterns represented

by matrix and vector respectively, i.e. MatFE+MatCD, MatFE+VecCD, just the matrix-pattern-oriented

classifier design (MatCD), the vector-pattern-oriented feature extraction followed by the matrix-pattern-

oriented classifier design (VecFE+MatCD), the vector-pattern-oriented feature extraction followed by the

vector-pattern-oriented classifier design (VecFE+VecCD) and just the vector-pattern-oriented classifier

design (VecCD). The experiments on the combinations have shown that 1) the designed fully matrixized

approach (MatFE+MatCD) has an effective and efficient performance on those patterns with the prior

structural knowledge such as images; 2) the matrix gives us an alternative feasible pattern representation

in feature extraction and classifier designs, and meanwhile provides a necessary validation for Ugly

Duckling and No Free Lunch Theorem.
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I. INTRODUCTION

Pattern representation is one of the basic learning problems in pattern recognition. According

to the problem at hand, it is necessary to choose the most appropriate representation for patterns

[1]. In statistical learning, a pattern is generally represented by the vector, i.e. the pattern can

be viewed as one point in an n-dimensional space [1], [2], [3]. Such a representation indeed

can bring convenience in applications. However, when a pattern under consideration has spatial

structure, for instance, a 2D image array or matrix, the matrix has to be vectorized with a loss of

information about spatial relationships between pixels [5]. In addition, Ugly Duckling Theorem

[1] has also indicated that one pattern representation is not always better than another if no prior

knowledge is injected. Thus it is not always effective that we deal with patterns in a form of

vector. Especially in the process of dealing with images, the vector representation even causes a

high dimensional feature space and increases computational complexity [4], such as a 100×100

face that can be concatenated into a 10000-dimensional feature vector.

The matrix, as a representation of the extended form to the vector, has been attracting more

and more attentions recently. In this paper, on top of our previous work [24], [25], we develop a

so-called fully matrixized approach that combines the matrix-pattern-oriented feature extraction

with the matrix-pattern-oriented classifier, and then consider all the possible combinations of

feature extraction (FE) and classifier design (CD) on the basis of patterns represented by matrix

and vector respectively, whose underlying motivations and contributions are:

• Recently it has been validated that extracting features directly from matrix pattern without

a vectorization preprocessing can bring not only a reduction in computational complexity, but

also an improving performance to a certain extent for the subsequent classification based on the

nearest neighbor rule [6-12]. However, it is worth pointing out that such a matrix representation

is so far mainly applied in feature extraction, but the subsequent classifier design still resorts

to the traditional vector-based technique. In other words, the operated pattern of the classifier

itself is still of vector representation rather than matrix representation as shown in Figure 1.(a).

We denote such a combination of matrix-pattern-oriented feature extraction (MatFE) and vector-

pattern-oriented classifier design (VecCD) by MatFE+VecCD. It has been demonstrated that the
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improvement of the classification performance in MatFE+VecCD just attributes to the matrix

pattern representation in feature extraction [6-12]. Consequently, we try to explore whether a

more effective performance can be obtained if replacing the VecCD in MatFE+VecCD with a

matrix-pattern-oriented classifier. To this end, we design a so-called fully matrixized approach,

i.e. both the feature extraction and the classifier design are directly based on matrix pattern.

Here, we name the matrix-pattern-oriented classifier design as MatCD and accordingly denote

the combination of MatFE and MatCD by MatFE+MatCD as shown in Figure 1.(b).

• Naturally, it is very important to propose new and effective feature extraction or classifier

design approaches, but we believe that a study of the existing methods is also quite important,

since it can correct some misunderstandings, guide practitioners in choosing appropriate methods,

build on relationships among existing methods, and help invent better methods.

The literature [6-12] has shown that the learning process MatFE+VecCD can achieve better

performance in image classification compared with the vector-pattern-oriented feature extraction

(VecFE) followed by VecCD (namely VecFE+VecCD). But, no further investigation is made to

find out which factors, the matrix representation itself, just only the dimensionality reduction

of feature extraction, or their combination, contribute to the performance gain. Meanwhile,

we try to explore whether a better classification performance can be achieved if omitting the

feature extraction and directly classifying matrix pattern. Therefore in doing so, we intentionally

sidestep the feature extraction phase and directly carry through the MatCD as shown in Figure

1.(c). Further, considering that most of the related work [6-12,22,23] just partially discusses

the matrix and the vector representations in feature extraction or classifier designs, thus we

also carry out VecFE+MatCD, VecFE+VecCD and VecCD besides the previous MatFE+MatCD,

MatFE+VecCD, and MatCD.

• For realizing MatCD, we employ our previous work [24], [25] that proposes a matrix-pattern-

oriented classifier design. Different from [24], [25], this paper further gives why and when

MatCD outperforms VecCD, which is validated by our experiments here.

The discriminant function of the linear classifier for the vector pattern x is given as

g(x) = ω̃T x + ω0, (1)

where ω̃ is a weight vector and ω0 is a bias. In order to directly operate on matrix pattern such
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Fig. 1. (a) The non-full matrix representation case including feature extraction; (b) The full matrix representation case including

feature extraction; (c) The matrix representation case without feature extraction.

as A ∈ Rm×n, (1) is matrixized and converted into

g(A) = uT Aṽ + v0, (2)

where u ∈ Rm, ṽ ∈ Rn are the two weight vectors respectively, and v0 is a bias. The major

characteristics of MatCD are that: a) the matrix pattern with the size of m × n replaces the

mn× 1 vector pattern; b) the two weight vectors in (2) respectively acting on the two sides of

the matrix pattern replaces the original single weight vector in (1). Thus, the memory required

for the weight vectors of the linear classifier is reduced from m× n in (1) to m + n in (2); c)

the discriminant function (2) of MatCD is (1) of VecCD imposed with Kronecker product [21]

decomposability constraint. In searching for its optimal weight vectors u, ṽ of (2), MatCD may

be guided by some prior information such as the structural or locally-spatial information which

is reflected in the representation of the Kronecker production of u and ṽ. That is the reason why

MatCD outperforms VecCD on image datasets. More importantly, it can avoid overfitting since

our method implies a trade-off between a less constrained model with more parameters (VecCD)

and a more constrained model with fewer parameters (MatCD).

The experimental results have shown that for the original-image datasets used here, the

proposed fully matrixized approach (MatFE+MatCD) has the advantages in terms of classifi-

cation performance and running time while manipulating those patterns with the prior structural

knowledge. For the used original-vector datasets, the success of MatCD in some cases shows that

it is not always effective for those vector-pattern-oriented classifiers without any prior knowledge.
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In other words, the vector representation is not always effective. Thus, the results also provide

a powerful demonstration for No Free Lunch and Ugly Duckling Theorem [1].

The rest of this paper is organized as follows. Section II reviews the related work on matrix

presentation in feature extraction and classifier designs. Section III gives the formulation on the

matrix-pattern-oriented classifier design. Following that, we report on our experimental results in

all the combinations (MatFE+MatCD, MatFE+VecCD, VecFE+MatCD, VecFE+VecCD, MatCD

and VecCD). Finally, conclusions are given in Section V.

II. RELATED WORK

Feature extraction usually acts as a preprocessing stage for a certain purpose such as classi-

fication or approximation to the raw data, and is defined as the problem of extracting the most

relevant information for the purpose from the raw data [17], [18], [19], [20], [29]. The classical

vector-pattern-oriented feature extractions (VecFE) such as Principle Component Analysis (PCA)

[22] and Linear Discriminant Analysis (LDA) [23] have been widely used in a variety of areas, but

sometimes seem not effective due to their expensive computational cost and singularity problem.

To solve the problem, the matrix-pattern-oriented feature extraction (MatFE) is proposed.

Yang [6] proposed two-dimensional principal component analysis (2DPCA) that extracts fea-

tures directly from the image matrices. Through the experiments on several well-known bench-

mark databases, this method is shown to be better than classical PCA in favor of both image

classification and reduction of computational complexity. Li et al. [7] proposed two-dimensional

linear discriminant analysis (2DLDA) based on image matrices, which overcomes the singularity

problem implicitly in LDA and achieves competitive recognition accuracy on face identification.

But both 2DPCA and 2DLDA extract features only from the row direction of image matri-

ces. Thus, (2D)2PCA [9], (2D)2FLD [10], Generalized Low Rank Approximations of Matrices

(GLRAM) [11], Non-iterative Generalized Low Rank Approximations of Matrices (NIGLRAM)

[12], 2DSVD [27], and GPCA [28] extract features from both the row and column directions of

image matrices, and can further improve the quality of the feature extraction based on matrix

representation in terms of the subsequent so-obtained classification performance. It can be found

that all the above methods are only used to deal with image-matrix patterns. Chen et al. [8] went

further and developed a more general method, called MatPCA and MatFLDA, to extract features

based on the new matrix pattern reshaped from the original one-dimensional or image-matrix
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pattern. Compared with both PCA and LDA, Chen et al.’s method first matrixizes an original

one-dimensional or image-matrix pattern into a new matrix pattern before extracting features. In

doing so, some new implicit information may be additionally introduced by the new constraint

in structure [8].

Meanwhile, it can be noticed that in [6-12], the pattern representation using the matrix is

only limited in the feature extraction phase but the subsequent classifier design still adopts the

traditional vector-based technique. Thus, we developed a matrix-pattern-oriented classifier design

[24], [25], and give its description in the next section.

III. MATRIX-PATTERN-ORIENTED CLASSIFIER DESIGN

The designed classifier is concerned with the two-class problem, but can be easily generalized

to the multi-class problem [14], [16]. In our previous work [24], we selected the vector-pattern-

oriented Modification of Ho-Kashyap algorithm with Squared approximation of the misclassifi-

cation errors (MHKS) [13] as the matrixized paradigm, and developed a matrix-pattern-oriented

MHKS (MatMHKS) that can directly operate on matrix pattern. For completeness, we give a

brief description for MHKS and MatMHKS below.

A. MHKS Classifier

Suppose that there are N training samples (xi, ϕi), i = 1...N , where xi ∈ Rd and its

corresponding class label ϕi ∈ {+1,−1}. Then, for a sample x ∈ Rd to be classified, the

discriminant function of MHKS is the previous formulation (1):

g(x) = ω̃T x + ω0,

where ω̃ ∈ Rd, and w0 ∈ R. Through defining the augmented vector yi = ϕi[xi
T , 1]

T , X =

[y1, ..., yN ]T and the corresponding augmented weight vector ω = [ω̃T , ω0]
T ∈ Rd+1, MHKS

tries to obtain ω by optimizing the criterion

min
ω∈Rd+1

I(ω) = (Xω − 1N×1 − b)T (Xω − 1N×1 − b) + cω̃T ω̃, (3)

where the second term of the right-handed side is a regularization term, the regularization

parameter c ≥ 0, 1N×1 is an N -dimensional vector whose components are all one, and b =

[b1, ..., bN ]T ∈ RN is a non-negative vector, i.e. bi ≥ 0. The elaborate description about MHKS

can be found in [13].
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B. Matrix-pattern-oriented Modified Ho-Kashyap Classifier (MatMHKS)

In the matrix-pattern-oriented case, let (Ai, ϕi), i = 1...N denote the training dataset, where

Ai ∈ Rm×n, and its corresponding class label ϕi ∈ {+1,−1}. With the formulation (2), the

matrix-pattern-oriented linear discriminant function for the two-class problem can be given in

terms of

g(Ai) = uT Aiṽ + v0





> 0 , if ϕi = +1

< 0 , if ϕi = −1
, i = 1...N. (4)

Analogous to MHKS, MatMHKS tries to get the u, ṽ, v0 by optimizing the criterion

min
u∈Rm,ṽ∈Rn,v0∈R

I(u, ṽ, v0) =
N∑

i=1

(ϕi(u
T Aiṽ + v0)− 1− bi)

2
+ c(uT S1u + ṽT S2ṽ), (5)

where S1 = mIm×m, S2 = nIn×n are the two regularization matrices corresponding to the u and

ṽ respectively, c ∈ R (c ≥ 0) is the regularization parameter, and bi ∈ R (bi ≥ 0). Through

setting Y = [y1, ..., yN ]T , yi = ϕi[u
T Ai, 1]T , i = 1...N, v = [ṽT , v0]

T , the criterion (5) can be

simplified in matrix form as follows

min
u∈Rm,v∈Rn+1

I(u, v) = (Y v − 1N×1 − b)T (Y v − 1N×1 − b) + c(uT S1u + vT S̃2v), (6)

where S̃2 =


 S2 0

0 0


 is a matrix with the dimensionality of (n + 1) × (n + 1), and b =

[b1, ..., bN ]T . From (5) or (6), we can not directly find the closed-form optimal weights u and v.

Instead, we employ a modification of a gradient descent with a heuristic update-rule to iteratively

seek them [24]. The design procedure for MatMHKS is given in Table 1.

In Table 1, k denotes the iteration step, 0 < ρ < 1 is a preset parameter, and b(k + 1) =

b(k)+ρ(e(k) + |e(k)|) prevents all the components of b from becoming negative. If m = 1, u = 1

and Step 7 is omitted, MatMHKS is degenerated into MHKS [13]. So MHKS can be regarded

as a special instance of MatMHKS.

C. Relationship between MatMHKS and MHKS

The relationship between MatMHKS and MHKS is further revealed here. First, we give the

following Lemma.

Lemma 1 ([21]) let A ∈ Rm×n, B ∈ Rn×p and C ∈ Rp×q, then

vec(ABC) = (CT ⊗ A)vec(B), (7)
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Table 1. Algorithm MatMHKS
Input: {(A1, ϕ1), ..., (AN , ϕN )}
OutPut: the weight vectors u, ṽ, and the bias v0

1. fix c ≥ 0, 0 < ρ < 1; initialize b(1) ≥ 0 and u(1); set the iteration index k = 1;

2. Y = [y1, ..., yN ]T , where yi = ϕi[u(k)T Ai, 1]T ;

3. v(k) = (Y T Y + cS̃2)
−1Y T (1N×1 + b(k));

4. e(k) = Y v(k)− 1N×1 − b(k);

5. b(k + 1) = b(k) + ρ(e(k) + |e(k)|);

6. if ‖b(k + 1)− b(k)‖ > ξ, then go to Step 7, else stop;

7. u(k + 1) = (
NP

i=1

Aiṽ(k)ṽ(k)T AT
i + cS1)

−1(
NP

i=1

ϕi(1 + bi(k)− ϕiv0)Aiṽ(k)), k = k + 1, go to Step 2.

where vec(X) denotes an operator that vectorizes the matrix X into the corresponding vector.

For example, let X = (xij) ∈ Rp×q and xi = (x1i, ..., xpi)
T is the i-th column of X , and thus

vec(X) = (xT
1 , ..., xT

i , ..., xT
q )T is a vector with p × q dimensionality. ”⊗” denotes Kronecker

product operation.

Then, the relationship between MatMHKS and MHKS is stated in the following theorem.

Theorem 1 ([24]) Let the discriminant functions of MHKS and MatMHKS respectively be the

function: (i) g(x) = ω̃T x + ω0 and (ii) g(A) = uT Aṽ + v0, then

(a) both (i) and (ii) may have the same form;

(b) the solution space for the weights in MatMHKS is contained in that of MHKS, and MatMHKS

is a MHKS imposed with Kronecker product decomposability constraint.

Theorem 1 can be proven by Lemma 1 [24].

IV. EXPERIMENTS

In this section, we have implemented the proposed combinations of feature extractions and

classifier designs: MatFE+MatCD, MatFE+VecCD, VecFE+MatCD, VecFE+VecCD, MatCD and

VecCD on the benchmark datasets including both those originally in vector representation from

UCI datasets [15] and those originally in matrix representation: 1) ORL1 face database; 2) Letter2

text database; 3) Coil-20 that is an object database from the Columbia Object Image Library. The

1available at http://www.cam-orl.co.uk
2available at http://sun16.cecs.missouri.edu/pgader/CECS477/NNdigits.zip
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Table 2. The details of the used datasets
Datasets Attributes Classes Sample number Remark

ORL 28× 23 40 400 10 faces/class

Letter 24× 18 10 500 50 letters/class

Coil-20 32× 32 20 1440 72 poses/class

Ionosphere 34 2 351 225 and 126 data respectively in class 1 and 2

Wine 12 3 178 59, 71 and 48 data respectively in class 1, 2, and 3

Water 38 2 116 65 and 51 data respectively in class 1 and 2

Sonar 60 2 208 111 and 97 data respectively in class 1 and 2

Wdbc 30 2 569 357 and 212 data respectively in class 1 and 2

Pima-diabetes 8 2 768 268 and 500 data respectively in class 1 and 2

Soybean-small 35 4 47 10, 10, 10 and 17 data respectively in class 1, 2, 3 and 4

Dermatology 34 6 366 112,61,72,49,52 and 20 data respectively in class 1,2,3,4,5 and 6

Iris 4 3 150 50 data/class

Balance 4 3 625 49, 288 and 288 data respectively in class 1, 2 and 3

image datasets here are used to explore how the proposed fully matrixzied approach works while

manipulating those patterns with the prior structural knowledge. Conversely, the UCI datasets

here are used to validate whether the matrix representation of patterns can be a substitution for

the vector representation. The details of these datasets are listed in Table 2.

Here, for all the patterns on the image datasets that are matrix themselves, we can still

reshape them to another matrices with different sizes. For the original-vector patterns, we can

also matrixize them to multiple matrices in different reshaping ways. Now for convenience,

we define a reshaping way without overlapping among the components of the pattern, i.e. the

image-matrix or original-vector pattern is partitioned into many sub-vectors, and then arranged

column-by-column into the corresponding matrix as shown in Figure.2.

A. Classification comparison between matrix and vector representation on images

1) Experiments on Letter Dataset: Letter dataset contains 10 text classes consisted of the digits

from ”0” to ”9”, each of which provides 50 different images of the size 24×18. For exploring

the matrix and vector representations, we have conducted 14 approaches: MatMHKS, MHKS,

FLD+MatMHKS, FLD+MHKS, 2DFLD+MatMHKS, 2DFLD+MHKS, (2D)2FLD+MatMHKS,

(2D)2FLD+MHKS, PCA+MatMHKS, PCA+MHKS, 2DPCA+MatMHKS, 2DPCA+MHKS, (2D)2

PCA+MatMHKS, and (2D)2PCA+MHKS. Table 3 gives the relationships between the proposed
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Fig. 2. (a) reshaping one image matrix to another; (b) reshaping one original vector to a matrix. (The i-th block here denotes

a column vector)

Table 3. The proposed six combinations adopt the concrete algorithms.
The combinations The corresponding algorithms

MatCD MatMHKS

VecCD MHKS

MatFE+MatCD 2DFLD[7]+MatMHKS; (2D)2FLD[10]+MatMHKS; 2DPCA[6]+MatMHKS; (2D)2PCA[9]+MatMHKS

MatFE+VecCD 2DFLD+MHKS; (2D)2FLD+MHKS; 2DPCA+MHKS; (2D)2PCA+MHKS

VecFE+MatCD FLD+MatMHKS; PCA+MatMHKS

VecFE+VecCD FLD+MHKS; PCA+MHKS

six combinations and the used approaches. In our experiments, Letter dataset is divided into the

two non-overlapping parts with the one for training and the other one for testing, i.e. each digit

has 25 images for training and the rest 25 images for testing. Then, for each such classification

problem, 10 independent runs are performed and their classification accuracies on the test sets are

averaged and reported. All the computations are performed on Pentium IV 2.80 GHz processor

running Windows 2000 Terminal and MATLAB environment. Figure 5 gives the classification

accuracies and the running time of the designed 14 approaches with varying the dimension

of feature vectors. Due to both MatMHKS and MHKS without the feature extraction phase,

their classification and computation performances keep the same here and can be taken as the

compared benchmark.

From Figure 5, it can be found that: a) both 2DFLD+MatMHKS and 2DPCA+MatMHKS

can obtain the best recognition performance; b) MatMHKS has a distinctly superior classi-

fication and computational performance to MHKS; c) compared with FLD+MatMHKS and

PCA+MatMHKS, both FLD+MHKS and PCA+MHKS show the advantages in terms of classi-
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Fig. 3. The 1st row shows the original images from ’0’ to ’9’; The 2nd, 3rd, 4th and 5th rows shows the images extracted

from the 1st row images by 2DPCA, 2DFLD, (2D)2PCA, and (2D)2FLD, respectively.

fication and running speed, i.e. the combination VecFE+VecCD is better than VecFE+MatCD;

d) both 2DFLD+MatMHKS and 2DPCA+MatMHKS are better than both 2DFLD+MHKS and

2DPCA+MHKS in terms of classification and computational performance; e) both (2D)2FLD+Mat

MHKS and (2D)2PCA+MatMHKS are worse than both (2D)2FLD+MHKS and (2D)2PCA+MHKS

in terms of classification and computational performance.

Intuitively, it seems that MatFE+MatCD should outperform MatFE+VecCD due to the char-

acteristic of MatCD and the observation d) also validates it. But, the observation e) gives the

opposite result. In order to explore the reason, we first discuss the used matrix-pattern-oriented

feature extractors here. In the literature [9], [10], it has been proved that both 2DFLD and 2DPCA

work in the row direction of images. In other words, the image exacted by 2DFLD or 2DPCA still

retains some structural information in the column direction. Since both (2D)2PCA and (2D)2FLD

work in the row and column directions simultaneously, the structure property of the original

image may conversely be destroyed. For this, let us further show the original images of Letter

dataset and their corresponding images generated by the used MatFE in Figure 3. In the figure,

the first row gives the original letter images from ’0’ to ’9’. The second, third, fourth and fifth

rows give the corresponding images generated by 2DPCA, 2DFLD, (2D)2PCA, and (2D)2FLD,

respectively. From the figure, it can be observed that the images extracted by both 2DPCA and

2DFLD have the visual weak structural knowledge in their column direction. But the images
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Table 4. Running time, dimension of feature vectors, and classification accuracies of the designed 14 approaches on Letter and

ORL datasets. (The highest value of each dataset is boldface.)
Approaches Letter ORL

Running Dimension Best classification Running Dimension of Best classification

time (in s) of feature vector accuracies (%) time (in s) feature vector accuracies (%)

MatMHKS 4.66 4×108 92.56 6192.38 2×322 87.50

MHKS 65.42 432 88.88 48410.19 644 83.00

FLD+MatMHKS 26.72 100 86.40 128.86 36 75.00

FLD+MHKS 17.11 100 88.40 46.99 25 87.50

PCA+MatMHKS 23.33 100 88.00 163.38 36 81.00

PCA+MHKS 15.36 81 92.80 100.08 81 87.50

2DFLD+MatMHKS 4.48 9×24 93.20 489.72 8×28 86.00

2DFLD+MHKS 23.78 7×24 90.80 1889.1 7×28 85.00

2DPCA+MatMHKS 4.52 9×24 93.20 149.56 4×28 89.50

2DPCA+MHKS 14.14 4×24 91.20 1374.5 7×28 83.00

(2D)2FLD+MatMHKS 27.45 6×6 91.60 154.20 8×8 75.50

(2D)2FLD+MHKS 12.20 8×8 92.40 243.73 9×9 80.50

(2D)2PCA+MatMHKS 21.36 9×9 90.40 215.67 10×10 79.00

(2D)2PCA+MHKS 10.72 6×6 92.40 64.45 4×4 87.50

extracted by both (2D)2PCA and (2D)2FLD seem not show any structural knowledge visually.

The original images have the clear structural information, and thus MatMHKS that directly

operates on them has the superior classification performance to MHKS. Similarly, MatMHKS

also succeeds in the images extracted by both 2DPCA and 2DFLD. Conversely, MatMHKS fails

on the images extracted by (2D)2PCA and (2D)2FLD due to the possible destruction on the

structure of images.

On Table 4, we give a comparative analysis of the designed 14 approaches in terms of

their optimal classification accuracies, the corresponding running time and dimension of feature

vectors. This table shows that the proposed fully matrixized approach (2DFLD+MatMHKS and

2DPCA+MatMHKS) has a superior classification accuracy to any other compared approaches

here. Meanwhile, the approach has relatively less running time.

2) Experiments on ORL Dataset: The ORL dataset has images from 40 persons, each of

which provides 10 different images. The main challenge on this dataset is of pose and expression

variations. For ORL dataset, we have employed the first 5 images per person for training and

the rest for testing. The corresponding results are shown in Figure 6 and Table 4, where the
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observations analogous to that of Letter can be obtained. Here, the running time of MatMHKS

and MHKS are 6192.38 s and 48410.18 s, respectively. Since the values are relatively large, we

do not show them in Figure 6. (d)-(f).

3) Experiments on Coil-20 Dataset: Coil-20 is an object dataset from the Columbia Object

Image Library and contains 1440 images of 20 objects. The images of the objects are taken at the

pose interval of 5 degrees, which corresponds to 72 poses per object. In our experiments on Coil-

20, we have employed 36, 24, 18, 12, 8, 6 images per object for training and the rest for testing,

i.e. constructed 720, 480, 360, 240, 160, 120 images as the training set respectively. Figure 4

gives the classification performance of the designed 14 approaches with varying the number of the

training set on Coil-20. From the figure, it can be found that: a) both the pattern representation and

the number of the training set yield an important influence on the classification performance; b)

the classification accuracies of all the approaches here decrease with the decreasing of the training

set; c) the accuracy of MatMHKS is significantly higher than that of MHKS in the larger training

set, but comparable to MHKS in the less one; d) Figure 4.(b) shows that 2DFLD or 2DPCA fol-

lowed by MatMHKS is better than 2DFLD or 2DPCA followed by MHKS; e) Figure 4.(a) and (c)

show that FLD+MHKS and PCA+MHKS, (2D)2FLD+MHKS and (2D)2PCA+MHKS are better

than FLD+MatMHKS and PCA+MatMHKS, (2D)2FLD+MatMHKS and (2D)2PCA+MatMHKS

respectively, which is relatively obvious in the less training set. The observations d) and e) here

are similar to those of Letter and ORL datasets.

B. Classification comparison between matrix and vector representation on the original-vector

datasets

The foregoing statement mainly focuses on images. Here, for these original-vector datasets,

before managed by MatFE or MatCD, the vectors should be matrixized into the corresponding

matrices as shown in Figure 2.(b). In doing so, it is expected that some new implicit structural

or contextual information can be additionally introduced in an implicit way. Chen et al. [8]

have done an elementary research on feature extraction and we further extend it to both feature

extraction and classification. Due to the relatively smaller dimensionality compared with that

of images, MatFE here utilizes the single-direction dimensionality reduction, i.e. 2DPCA. The

concrete algorithms used here are 2DPCA for MatFE; PCA for VecFE; MatMHKS for MatCD;

1NN (the nearest neighbor rule), MHKS and SVM [2] for VecCD, respectively. Table 5 shows
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Fig. 4. Classification performance of different approaches with varying number of training set on Coil-20;

Table 5. Classification performance (%) comparison among 2DPCA+MatMHKS, 2DPCA+1NN, MatMHKS, MHKS, SVM,

PCA+MatMHKS, PCA+1NN, and PCA+SVM on the original-vector datasets (The reshaped matrix size for each dataset is

written in the bracket. The best, second best and third best results are boldface, italic and underlined, respectively.)
Datasets 2DPCA+MatMHKS 2DPCA+1NN MatMHKS MHKS SVM PCA+MatMHKS PCA+1NN PCA+SVM

Ionosphere 86.00(2×17) 82.47(2×17) 88.27(2×17) 87.33 92.87 86.80 87.00 96.53

Wine 87.74(2×6) 66.79(2×6) 90.85(2×6) 92.45 91.89 83.49 80.09 87.83

74.06(3×4) 74.81(3×4) 93.96(3×4)

Water 89.39(2×19) 80.30(2×19) 98.03(2×19) 96.97 97.12 78.64 84.09 87.88

Sonar 75.56(2×30) 77.69(2×30) 75.09(2×30) 69.93 76.30 69.26 77.87 70.83

75.46(6×10) 77.31(6×10) 77.41(6×10)

Wdbc 62.52(2×15) 58.67(2×15) 63.74(2×15) 63.00 62.95 62.70 57.04 62.96

Pima-diabetes 71.17(2×4) 55.57(2×4) 71.89(2×4) 69.43 71.46 71.49 55.74 71.43

Soybean-small 87.39(5×7) 95.22(5×7) 93.48(5×7) 93.91 99.13 93.91 96.52 100

Dermatology 91.17(2×17) 78.33(2×17) 97.11(2×17) 97.50 48.56 61.88 39.44 48.33

Iris N/A 94.67(2×2) 95.60(2×2) 93.60 97.20 N/A 98.80 98.80

Balance N/A 72.95(2×2) 90.42(2×2) 90.38 88.27 N/A 73.78 87.37
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all the experimental results on the original-vector datasets. For the different combining methods,

the best, second best, and third best results are boldface, italic and underlined, respectively. Since

both Iris and Balance have only 4 attributes, both 2DPCA+MatMHKS and PCA+MatMHKS fail.

From the table, it can be found that between 2DPCA+MatMHKS and 2DPCA+1NN, the former

outperforms the latter on the 6 (Ionosphere, Wine, Water, Wdbc, Pima-diabetes and Dermatology)

of the 8 datasets, especially for Wine, Water, Pima-diabetes and Dermatology (all increased by

nearly or past 10%). Among PCA+MatMHKS, PCA+1NN and PCA+SVM, the latter two are

superior to the former one. Further, in all the algorithms here, MatMHKS gets the best on the 5

(Wine, Water, Wdbc, Pima-diabetes and Balance), the second best on the 1 (Dermatology), and

the third best on the 2 (Ionosphere and Sonar) of all the 10 datasets. In the case that we can not

get any prior knowledge for the datasets used here, the matrix-pattern-oriented MatMHKS still

succeeds in some datasets. Thus, the phenomenon provides a powerful validation for No Free

Lunch and Ugly Duckling Theorem, i.e. proves that the matrix representation of patterns can be

a substitution for the vector representation in both feature extraction and classifier designs.

C. Further discussion

1) MatFE+MatCD vs. MatFE+VecCD: In the literature [9], [10], it has been shown that

(2D)2FLD or (2D)2PCA followed by 1NN have a superior classification performance to 2DFLD

or 2DPCA followed by 1NN respectively, which seems inconsistent with our experimental result

that (2D)2FLD or (2D)2PCA followed by MatMHKS are worse than 2DFLD or 2DPCA followed

by MatMHKS in terms of classification. For this, we give a further discussion.

First, the 1NN classifier falls into the vector-pattern-oriented classifier design (VecCD). Thus, it

seems inessential for 1NN whether the pattern to be dealt with has any prior structural knowledge

such as the spatial relationship between the feature elements. Conversely, MatMHKS falls into

MatCD. It has been validated that MatMHKS has the advantage of classification performance

compared with its corresponding VecCD version (MHKS) on those patterns with prior structural

knowledge. In other words, MatMHKS (MatCD) seems sensitive to the patterns with or without

prior structural knowledge. Since it has been shown that the image extracted by 2DFLD or

2DPCA may own more structural knowledge than that by (2D)2FLD or (2D)2PCA, 2DFLD or

2DPCA followed by MatMHKS are better than (2D)2FLD or (2D)2PCA followed by MatMHKS

in terms of classification, respectively.
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Secondly, it can be proven that MatFE+MatCD implies two-fold Kronecker product decom-

posability constraint, but MatFE+VecCD implies only one-fold, which is shown in Theorem

2.

Theorem 2 Given the matrix pattern A ∈ Rm×n generated in the way as Figure 2, the projection

matrices L ∈ Rm×p and R ∈ Rn×q of MatFE (take (2D)2FLD for example), the weight vectors

u ∈ Rp×1 ṽ ∈ Rq×1 and the bias v0 ∈ R of MatCD (MatMHKS), then

(a) the discriminant function of (2D)2FLD+MatMHKS for A can be rewritten as follows:

f(x) = (Rṽ ⊗ Lu)T vec(A) + v0, (8)

where ⊗ denotes Kronecker product operation, and the operator vec(.) is defined as in Lemma

1 above.

(b) the discriminant function of (2D)2FLD+1NN for A can be given as follows:

the pattern A belongs to the class of the training pattern Ai, where

f(A) = tr[(A− Ai + Aj

2
)RRT (Aj − Ai)

T LLT ] < 0 (9)

for any j = 1...N, j 6= i.

Proof:

(a) With Lemma 1 [24], the discriminant function of (2D)2FLD+MatMHKS for A can be

written as

f(A) = uT LT ARṽ + v0

= (Lu)T ARṽ + v0

= (Rṽ ⊗ Lu)T vec(A) + v0.

(b) The discrimination rule of (2D)2FLD+1NN is that the pattern A belongs to the class of

Ai, where

f(A) = ‖LT AR− LT AiR‖2 − ‖LT AR− LT AjR‖2 < 0, (10)

for any j = 1...N, j 6= i. For simplicity, let x = vec(A), xi = vec(Ai), xj = vec(Aj), U = R⊗L,
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tr[.] is a matrix trace operator, then the inequation (10) can be rewritten as

f(A) = ‖LT AR− LT AiR‖2 − ‖LT AR− LT AjR‖2

= ‖UT x− UT xi‖2 − ‖UT x− UT xj‖2

= (x− xi)
T UUT (x− xi)− (x− xj)

T UUT (x− xj)

= 2xT UUT (xj − xi) + (xi − xj)
T UUT (xi + xj)

= 2(xj − xi)
T UUT (x− xi + xj

2
)

= 2tr[UT (x− xi + xj

2
)(xj − xi)

T U ]

= 2tr[LT (A− Ai + Aj

2
)RRT (Aj − Ai)

T L]

= 2tr[(A− Ai + Aj

2
)RRT (Aj − Ai)

T LLT ] < 0.

Proof is done.

From Theorem 2, it can be found that the discriminant function of (2D)2FLD+1NN requires

the pattern A in the matrix representation, which implies just one-fold Kronecker product

decomposability constraint. But, (2D)2FLD+MatMHKS not only requires the pattern A in the

matrix representation, but also explicitly induces the Kronecker product operation ⊗.

It can be proved that Theorem 2 holds as well for (2D)2PCA, GLRAM [11], and NIGRAM

[12]. Further for 2DFLD and 2DPCA, Theorem 2 holds when L is taken as an identity matrix.

2) MatCD vs. VecCD: Theorem 1 has given the relationship between MatCD and VecCD in

the discriminant function. Here, we give a discussion for them in experiments. From Figure 2,

it can be found that there are multiple differently-reshaped matrices generated from the same

pattern. For example, the original size 28×23 matrix of ORL can be reshaped into 2×322 or

4×161 matrices which can result in different classification performances. Before exploration,

we first reformulate the discriminant function (2) of MatCD and let B = AT u. Then (2) can be

rewritten as g(B) = BT ṽ + v0 = ṽT B + v0. Formally, it is a similar form as (1) of VecCD in

which the B is an input to the VecCD. We decompose B in terms of

B = AT u = [a1, ..., an]T u = [aT
1 u, ..., aT

nu]T , (11)

where A = [a1, ..., ai, ..., an], ai = [a1i, ..., ami]
T , i = 1, 2, ...n; B = [b1, ..., bj, ..., bn]T , bj =

aT
j u, j = 1, 2, ..., n. Thus, each component of the new input B is a linear combination of all
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the components of each column of the original matrix A, implying that it integrates global

information in each column (coined column-global information) and thus de-emphasizes local

information in each column (coined column-local information). If we, instead, reshape the

original pattern A with dimension m × n to a new matrix pattern C with dimension r × c,

and then still let B = CT u, similar to the above analysis, each component of the B is a linear

combination of all the components of each column of C. Now without loss of generality, in our

experiments r is smaller than m. In this case, each column of the C is a sub-column of the original

pattern A, and thus each component of the B is a linear combination of all the components of a

sub-column of A, implying that it integrates column-local information rather than column-global

information and thus emphasizes local information in each column. Therefore, a possible reason

of differently-reshaped matrices yielding different results in image recognition can intuitively

attribute to such a fact that reshaping from one matrix pattern to another one may destroy the

whole or global structure in each column of the original pattern, but partial or local structure

information that could be more useful for discrimination [26] can likely be kept and emphasized

contrarily. In a word, compared with VecCD, MatCD may get guided by a priori knowledge of

a specific problem but in an implicit way. Due to the incorporation of both matrixization and

different reshaping ways to the vector and matrix patterns, MatCD becomes more flexible and

effective for classification.

Further, it can be found that for images here, MatMHKS does not always achieve a better

classification performance on the original size matrix compared with MHKS. On the other hand,

the experiments in [6], [7], [8] have shown that, compared with VecFE+VecCD, using those

features extracted by MatFE can conformably improve the generalization performance of the

subsequently-designed classifier (such as the nearest neighbor classifier) on images dataset.

Therefore we basically answer the question in Section I: the performance gain obtained by

MatFE+VecCD can not entirely contribute to the matrix representation strategy but partially

to the dimensionality reduction for images. In other words, both dimensionality reduction and

matrix representation result in performance promotion collectively.

With the discriminant functions of MatMHKS (2) and MHKS (1), we can give their recognition

computational complexity o(mn+n+1) and o(mn+1), respectively. The experiments here have

shown that the two approaches have a competitive recognition time.
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Fig. 5. (a), (b), (c): Classification performance of different approaches with varying dimension of feature vectors on Letter;

(d), (e), (f): Running time of different approaches with varying dimension of feature vectors on Letter.
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Fig. 6. (a), (b), (c): Classification performance of different approaches with varying dimension of feature vectors on ORL; (d),

(e), (f): Running time of different approaches with varying dimension of feature vectors on ORL
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V. CONCLUSION

In this paper, we propose a so-called fully matrixized approach MatFE+MatCD. In order to

validate its feasibility and effectiveness and explore the major discrepancy between the matrix and

the vector representations in both feature extraction and classifier designs, we employ the MatFE,

VecFE, MatCD, and VecCD to design the six combinations: MatFE+MatCD, MatFE+VecCD,

VecFE+MatCD, VecFE+VecCD, MatCD and VecCD. The experimental results based on these

combinations reveal that: 1) the proposed fully matrixized approach, i.e. 2DFLD or 2DPCA fol-

lowed by MatMHKS has the significant advantages in terms of classification and computational

performance; 2) MatCD succeeds in those images with a prior structural knowledge such as the

original images or the images generated by 2DFLD or 2DPCA; 3) the matrix as an extended

form of the vector representation, helps improve the classification performance on most of the

original-vector datasets used here, reduces the computational and space complexity, and provides

a powerful validation for Ugly Duckling and No Free Lunch Theorem.

Finally, it should be stated that the Kronecker product decomposability constraint here is

just a mathematical formulation for MatFE+MatCD or MatCD, and thus dose not necessarily

really characterize the prior knowledge of data. The success of MatFE+MatCD or MatCD in

the experiments may attribute to the coincidence that the Kronecker product decomposability

constraint partially accords with the intrinsic characteristics of the used datasets especially for

images. Thus, one of our future work is to make clear which datasets can be really characterized

through the Kronecker product constraint.

ACKNOWLEDGMENT

The authors thank the editor and the anonymous referees for their valuable comments, thank

Natural Science Foundations of China under Grant Nos. 60473035 and 60505004, Jiangsu Natural

Science Foundation under Grant Nos. BK2004001, BK2005122 and BK2006521 for partial

supports respectively, and thank Bo Wang for helping the experiments.

REFERENCES

[1] R.O. Duda, P.E. Hart, and D.G. Stock. Pattern Classification, 2nd Edition. New York: John Wiley and Sons, Inc. 2001.

[2] V. Vapnik. Statistical learning theory. John Wiley: New York, 1998

[3] D. Beymer and T. Poggio. Image representations for visual learning. Science, 272 (1996): 1905-1909.



22

[4] L.F. Chen, H.Y.M. Liao, M.T. Ko, J.C. Lin, and G.J. Yu. A new LDA-based face recognition system which can solve the

small sample size problem. Pattern Recognition 33 (2000) 1713-1726.

[5] H. Wang and N. Ahuja. Rank-R Approximation of Tensors: Using Image-as-Matrix Representation. IEEE CVPR (2005).

[6] J. Yang, D. Zhang, A.F. Frangi, and J.-U. Yang. Two-Dimension PCA: A New Approach to Appearance-Based Face

Representation and Recognition. IEEE Trans. PAMI 26(1) (2004), 131-137

[7] M. Li and B.Yuan. 2D-LDA: A statistical linear discriminant analysis for image matrix. Pattern Recognition Letters 26

(2005) 527-532

[8] S.C. Chen, Y.L. Zhu, D.Q. Zhang, and J.Y. Yang. Feature extraction approaches based on matrix pattern: MatPCA and

MatFLDA. Pattern Recognition Letters 26 (2005) 1157-1167

[9] D.Q. Zhang and Z.H. Zhou. (2D)2PCA: Two-directional two-dimensional PCA for efficient face representation and

recognition. Neurocomputing 69 (2005): 224-231.

[10] P. Nagabhushan, D.S. Guru, and B.H. Shekar. (2D)2FLD: An efficient approach for appearance based object recognition.

Neurocomputing 69 (2006): 934-940.

[11] J. Ye. Generalized low rank approximation of matrices. Machine Learning, 61(1-3): 167-191, 2005

[12] J. Liu and S.C. Chen. Non-iterative generalized low rank approximation of matrices. Pattern Recognition Letters, July

2006, 27(9): 1002-1008

[13] J. Łeski. Ho-Kashyap classifier with generalization control. Pattern Recognition Letters. 2003 24(14): 2281-2290

[14] F.W. Smith. Design of multicategory pattern classifiers with two-category classifier design procedures. IEEE Transactions

on Computers, 1969, C-18(6): 548-551

[15] D.J. Newman, S. Hettich, C.L. Blake, and C.J. Merz. UCI repository of machine learning databases. Available from:

http://www.ics.uci.edu/ m̃learn/MLRepository.html, 1998

[16] C.W. Hsu and C.J. Lin. A comparison of methods for multiclass support vector machines. IEEE Transactions on Neural

Networks, Volume 13, Issue 2, March 2002 Page(s):415-425.

[17] P.A. Devijver and J. Kittler. Pattern Recognition: A Statisitical Approcach. Prentice-Hall, London (1982).

[18] J.M. Leiva-Murillo and A. Artes-Rodriguez. Maximization of Mutual Information for Supervised Linear Feature Extraction.

IEEE Transactions on Neural Networks, Volume 18, Issue 5, Sept. 2007 Page(s):1433-1441.

[19] J. Liu, S. Chen, X. Tan, and D. Zhang. Comments on ”Efficient and Robust Feature Extraction by Maximum Margin

Criterion”. IEEE Transactions on Neural Networks, accepted.

[20] A. Weingessel and K. Hornik. Local PCA algorithms. IEEE Transactions on Neural Networks, Volume 11, Issue 6, Nov.

2000 Page(s):1242-1250.

[21] A. Graham. Kronecker Products and Matrix Calculus: with Applications. Halsted Press, John Wiley and Sons, NY, 1981.

[22] I.T. Jolliffe. Principle Component Analysis. Springer-Verlag, New York, 1986.

[23] R.A. Fisher. The use of multiple measurements in taxonomic problems. Annals of Eugenics, 1936, 7 Part II: 179-188.

[24] S.C. Chen, Z. Wang and Y.J. Tian. Matrix-pattern-oriented Ho-Kashyap classifier with regularization learning. Pattern

Recognition, Volume 40, Issue 5, May 2007, Pages 1533-1543.

[25] Z. Wang, and S.C. Chen. New least squares support vector machines based on matrix patterns. Neural Processing Letters,

(2007) 26:41-56.

[26] R. Maree, P. Geurts, J. Piater and L. Wehenkel. Random subwindows for robust image classification, IEEE CVPR (2005).

[27] Chris Ding and Jieping Ye. 2-Dimensional Singular Value Decomposition for 2D Maps and Images. In SDM, 2005.

[28] J. Ye, R. Janardan, and Q. Li. GPCA: An Efficient Dimension Reduction Scheme for Image Compression and Retrieval.



23

Proceedings of the Tenth ACM SIGKDD International Conference on Knowledge Discovery and Data Mining. 354-363,

2004.

[29] S. Yang, S. Yan, C. Zhang, X. Tang. Bilinear Analysis for Kernel Selection and Nonlinear Feature Extraction. IEEE

Transactions on Neural Networks, Volume 18, Issue 5, Sept. 2007 Page(s):1442-1452.

Zhe Wang received the B.Sc. in computer science from Nanjing University of Aeronautics and Astro-

nautics (NUAA), China, in 2003. Currently he is a Ph.D. student at the Department of Computer Science

and Engineering, NUAA. His research interests focus on Neural Computing and Pattern Recognition.

Songcan Chen received the B.Sc. degree in mathematics from Hangzhou University (now merged into

Zhejiang University) in 1983. In December 1985, he completed the M.Sc. degree in computer applications

at Shanghai Jiaotong University and then worked at Nanjing University of Aeronautics and Astronautics

(NUAA) in January 1986 as an assistant lecturer. There he received a Ph.D. degree in communication

and information systems in 1997. Since 1998, as a full professor, he has been with the Department of

Computer Science and Engineering at NUAA. His research interests include pattern recognition, machine

learning and neural computing. In these fields, he has authored or coauthored over 120 scientific journal papers.

Jun Liu received the B.S. degree in computer science from Nantong Institute of Technology in 2002.

From 2004, he is a Ph.D. student in the Department of Computer Science and Engineering, Nanjing

University of Aeronautics and Astronautics (NUAA). Since April 2006, he becomes an assistant lecture

of the computer science and engineering department at NUAA. His research interests include pattern

recognition, machine learning, and computer vision. He has authored or coauthored over 10 scientific

papers.



24

Daoqiang Zhang Daoqiang Zhang received the B.Sc. and Ph.D. degrees in Computer Science from

Nanjing University of Aeronautics and Astronautics, China, in 1999 and 2004, respectively. From 2004

to 2006, he was a postdoctoral fellow in the Department of Computer Science and Technology at Nanjing

University. He joined the Department of Computer Science and Engineering of Nanjing University of

Aeronautics and Astronautics as a Lecturer in 2004, and is an associate professor at present. His research

interests include machine learning, pattern recognition, data mining, and image processing. In these areas

he has published over 30 technical papers in refereed international journals or conference proceedings. He was nominated

for the National Excellent Doctoral Dissertation Award of China in 2006, and won the best paper award at the 9th Pacific

Rim International Conference on Artificial Intelligence (PRICAI’06). He served as a program committee member for several

international and native conferences. He is a member of Chinese Association of Artificial Intelligence (CAAI) Machine Learning

Society.


