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a b s t r a c t

Recently, multi-view feature extraction has attracted great interest and Canonical Correlation Analysis
(CCA) is a powerful technique for finding the linear correlation between two view variable sets. However,
CCA does not consider the structure and cross view information in feature extraction, which is very
important for subsequence tasks. In this paper, a new approach called Canonical Sparse Cross-view

by performing sparse representation between within-class samples. Then local manifold information and
cross-view correlations are incorporated into CCA. Furthermore, a kernel version of CSCCA (KCSCCA) is
proposed to reveal the nonlinear correlation relationship between two sets of features. We compare
CSCCA and KCSCCA with existing multi-view feature extraction methods and perform experiments on
both artificial data set and real world databases including multiple features and face data sets. The
experimental results demonstrate the merits of our proposed method.

& 2016 Elsevier B.V. All rights reserved.
1. Introduction

Multi-view learning [1,2] which learns patterns or features
from instances with multiple representations has been one of the
hotspots in machine learning community. It has been shown that
learning from multiple representations of data often achieves
better performance than traditional single view learning methods.
Recently, multi-view learning techniques have been extended to
multi-view regression [3] and multi-view clustering [4].

Canonical correlation analysis (CCA) [5] is a learning method to
find linear relationship between two groups of multidimensional
variables. The goal of CCA is to seek two bases which would
maximize the correlation of data by projecting two-view data
obtained from various information sources, e.g. sound and image.
In the past decades, CCA and its variants have been successfully
applied to many fields such as image processing [6], pattern
recognition [7,8], medical image analysis [9,10] and data regres-
sion analysis [11].

Standard CCA is an unsupervised linear dimensionality reduc-
tion method. It cannot preserve local structure in canonical sub-
spaces and either cannot reveal nonlinear correlation relationship.
In order to extract features with discriminant information, variants
of CCA called discriminant CCA (DCCA) [12], random correlation
ensemble (RCE) [13] and discriminative extended CCA (DECCA)
[14] are proposed. For example, DCCA not only considers the
correlation between two corresponding views of a sample, but
also uses all the cross-view correlation between within-class
examples. Several works have also discussed the relationships
between CCA and LDA, especially when the data features are used
in one view and the class labels are used in the other view [15,16].
It is shown that CCA and LDA have some equivalent relations [17].
In order to deal with nonlinear circumstance, some nonlinear CCA
algorithms have been proposed in the literature [18]. Kernel
methods [19,20] are widely used to reveal nonlinear structure in
the original input space, and have been introduced into CCA (e.g.,
Kernel CCA (KCCA)) [21]. KCCA first maps the data into high
dimensional feature space by implicit nonlinear mappings, and
then traditional CCA is performed in the feature space in which the
nonlinear problem in the original space is converted into a linear
one. However, like many other kernel methods, one disadvantage
of KCCA is the choice of appropriate kernel and kernel parameters.
Neural networks based nonlinear CCA suffers from some intrinsic
limitations such as long-time training, slow convergence and local
minima [18].

In recent years, locality preserving methods such as locally
linear embedding (LLE) [22], Isomap [23] and locality preserving
projections (LPP) [24] have achieved a remarkable flourish in
single-view dimensionality reduction. These methods preserve the
neighborhood information so as to discover the low dimensional
manifold structure embedded in the original high dimensional
space. Inspired by the similar idea, Sun and Chen proposed a
locality preserving CCA (LPCCA) [25]. LPCCA incorporates the local
structure information into CCA and decomposes the global non-
linear problem into many local linear ones, consequently, in each
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small neighborhood field the problem can be treated as linear CCA
and the global problem can be solved by optimizing the combi-
nation or integration of these local sub-problems. It has been
shown that LPCCA performs better than CCA in discovering
intrinsic structure of data for some applications, e.g., data visua-
lization and pose estimation. Nevertheless, LPCCA only concerns
the correlation between sample pairs and the discrimination of
the extracted features which is important in subsequent classifi-
cation task, while LPCCA is dependent on the parameter k which is
manually chosen through experience.

Several supervised multi-view feature extraction methods have
been proposed in recent researches. For example, Diethe et al.
extended the convex formulation for Kernel Fisher Discriminant
Analysis to multiple views [26]. Chen et al. proposed Hierarchical
Multi-view Fisher Discriminant Analysis to improve the perfor-
mance in classification and dimensionality reduction of multi-
view task [27]. Sharma proposed a general multi-view feature
extraction approach called Generalized Multiview Analysis (GMA)
[28]. Although these works can do well in supervised learning
situations, but they do not consider the intrinsic structures of the
data, such as manifold structure. Local discrimination CCA (LDCCA)
[29] and discriminative locality preserving CCA (DLPCCA) [30] can
be seemed as extensions of CCAwhich use label and neighborhood
information. Specifically, LDCCA not only considers the correla-
tions between sample pairs but also the correlations between
samples and their local neighborhoods. DLPCCA based on LDCCA
can use label discriminative information to improve classification
performance and preserve the geometric structure of data to
enhance the smoothness of the extracted features. It worth noting
that LPCCA, LDCCA and DLPCCA directly use the standard Eucli-
dean distance to measure the similarity between data points
which may be affected by outliers for the deficiency of robustness
of Euclidean distance. In LPCCA, the locality means that the global
nonlinear problem is decomposed into local linear ones. So the
local structure information can be preserved in the canonical
subspace. In LDCCA, the locality means the local neighborhood
sample pairs are used to compute the correlations while DLPCCA
considers the local structure information in two views separately.

In this paper, we propose a novel learning method for multi-
view data called canonical sparse cross-view correlation analysis
(CSCCA). We first construct similarity matrices by performing ℓ1
norm sparse representation on within-class samples. Then local
manifold structure information and cross-view correlation are
incorporated into CCA. Here, we use sparse reconstruction because
ℓ1 norm is more robust to noises than Euclidean distance. The
proposed method not only preserves the local structure informa-
tion in two views separately, but also the structure information in
the cross view. It is worth noting that many works have investi-
gated sparse CCA [31,32]. In those papers, the projective vectors
obtained by CCA need to be sparse that means there are a lot of
zero values in it, while the sparse in our method means sparse
reconstruction. The sparse representation achieved by minimizing
a ℓ1 regularization related objective function chooses its neigh-
borhood automatically and does not have to encounter model
parameters. The sparse in our method is totally different from
those sparse CCA. The proposed method can be efficiently solved
via generalized eigenvalue decomposition. Although the solution
is similar to that of [33], they are derived from different motiva-
tion. Moreover, we extend CSCCA to kernel version (KCSCCA) to
find nonlinear correlation. Experimental results on both synthetic
and real world data sets including multiple features data set and
face databases validate the effectiveness of the proposed method.

The rest of the paper is organized as follows: In Section 2, CCA
is briefly reviewed, the proposed CSCCA and KCSCCA are then
introduced in detail. The experiments and results on various data
sets are given in Section 3. Finally, we conclude this paper
in Section 4.
2. Proposed method

2.1. Canonical correlation analysis

Given a set of pair-wise data fðxi; yiÞgni ¼ 1ARp � Rq, where
fxigni ¼ 1 and fyigni ¼ 1 are samples from different views. Define that
X ¼ ½x1;…; xn�ARp�n and Y ¼ ½y1;…; yn�ARq�n. We assume that
the data have been preprocessed with zero mean. CCA seeks to
find two basis or projection vectors wxARp and wyARq, such that
the canonical variables x¼wT

xxi and y¼wT
yyi would be maximally

correlated. The objective function of CCA can be formulated as

max
wx ;wy

wT
xCxywyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðwT
xCxxwxÞðwT

yCyywyÞ
q ð1Þ

where Cxx ¼
Pn

i ¼ 1 xix
T
i ¼ XXT and Cyy ¼

Pn
i ¼ 1 yiy

T
i ¼ YYT are

within-sets covariance matrices and Cxy ¼
Pn

i ¼ 1 xiy
T
i ¼ XYT is

between-sets covariance matrix. Since the two basis vectors are
scale independent, wx and wy can be obtained by solving the
following optimization problem with constraints:

max
wx ;wy

wT
xCxywy

s:t: wT
xCxxwx ¼ 1; wT

yCyywy ¼ 1 ð2Þ

The optimization problem of CCA can be solved by applying
Lagrangian equation to Eq. (2) and we can obtain the following
generalized eigenvalue decomposition problem:

Cxy

CT
xy

" #
wx

wy

" #
¼ λ

Cxx

Cyy

" #
wx

wy

" #
ð3Þ

2.2. Canonical sparse cross-view correlation analysis

In this section, in order to cope with the nonlinear problems and
improve the performance of CCA in subsequent classification task, we
propose a novel feature extraction method called canonical sparse
cross-view correlation analysis (CSCCA). In CSCCA, the local structure
information is incorporated and the cross correlations between two
views from within-class samples are used by sparse representation.

The optimization problem of CCA can be written in the
equivalent form [25] as:

max
wx ;wy

wT
x �

Xn
i ¼ 1

Xn
j ¼ 1

ðxi�xjÞðyi�yjÞT �wy

s:t: wT
x �

Xn
i ¼ 1

Xn
j ¼ 1

ðxi�xjÞðxi�xjÞT �wx ¼ 1

wT
y �

Xn
i ¼ 1

Xn
j ¼ 1

ðyi�yjÞðyi�yjÞT �wy ¼ 1 ð4Þ

We incorporate the local structure information and the within-
class cross correlations into Eq. (4). The objective function of
CSCCA can be formulated as follows:

max
wx ;wy

wT
x �

Xn
i ¼ 1

Xn
j ¼ 1

Sxijðxi�xjÞSyijðyi�yjÞT þ
Xn
i ¼ 1

Xn
j ¼ 1

ðSxijþSyijÞxiyTj

0
@

1
A �wy

s:t: wT
x �

Xn
i ¼ 1

Xn
j ¼ 1

Sxijðxi�xjÞSxijðxi�xjÞT �wx ¼ 1

wT
y �

Xn
i ¼ 1

Xn
j ¼ 1

Syijðyi�yjÞSyijðyi�yjÞT �wy ¼ 1 ð5Þ
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where Sij
x and Sij

y are elements of similarity matrices Sx and Sy. As
we can see that there are some differences between Eqs. (4) and
(5). First the similarity matrices Sx and Sy are obtained by sparse
reconstruction instead of the standard Euclidean distance. The
sparse weight matrix can reflect the intrinsic geometric properties
of the data to some extent and naturally preserve potential dis-
criminant information [34]. We therefore expect that the char-
acterization in the original high-dimensional embedding space can
be preserved in the low-dimensional embedding space. Second we
emphasize the correlations between within-class by adding the
correlation term

Pn
i ¼ 1

Pn
j ¼ 1ðSxijþSyijÞxiyTj .

The similarity matrix Sx is defined as follows. Given c classes
samples:

X ¼ ½x1;…; xn� ¼ ½xð1Þ1 ;…; xð1Þn1 ;…; xðcÞ1 ;…; xðcÞnc �

where xðjÞi ARd denotes the i-th sample in the j-th class. For sample
xðjÞi from the j-th class, we find a sparse reconstructive weight
vector Swi by the following minimization problem:

min
Swi Z0

1
2
‖xi�XSwi ‖þη‖Swi ‖1 ð6Þ

where η is a balancing factor which controls the sparsity of Swi and
Swi is an vector where the element in the position of xðjÞi is zero to
ignore degenerated solution.

Swi ¼ ½0;…;0
zfflfflffl}|fflfflffl{Pj� 1

k ¼ 1
nk

; Si1;…; Si;i�1;0; Si;iþ1;…; Si;nj ; 0;…;0
zfflfflffl}|fflfflffl{n�
Pj

k ¼ 1
nk

�T

The optimization problem of Eq. (6) can be solved by SLEP toolbox
[35]. It is worth noting that we only use the samples with the same
label to reconstruct xi for preserving the class information. When
we get ~S

w
i which is the optimal solution of Eq. (6), the sparse

reconstructive weight matrix Sx can be denoted as follows:

Sw ¼ ½ ~Sw
1 ;…; ~S

w
n �

Sx ¼ SwþðSwÞT

The reconstructive weight matrix Sx is a n� n symmetric matrix,
of which the elements ~Sij represents the contribution of each xj to
reconstruct xi. Generally speaking, if the element ~Sij is bigger, the
sample xj is more important to reconstruct xi.

The optimization prob lem (5) can be rewritten after some
algebraic manipulations as

max
wx ;wy

wT
xXRY

Twy

s:t: wT
xXSxxX

Twx ¼ 1

wT
yYSyyY

Twy ¼ 1 ð7Þ

where X ¼ ½x1;…; xn�, Y ¼ ½y1;…; yn�, R¼ 2SxyþSxþSy, Sxx ¼Dxx�
Sx○Sx, Syy ¼Dyy�Sy○Sy, Sxy ¼Dxy�Sx○Sy, the symbol ○ denotes an
operator such that ðA○BÞij ¼ AijBij for matrices A, B with the same
size and Aij denotes the ij-th entry of A, DxxðDyy;DxyÞ is a diagonal
matrix of size n by n, and its i-th diagonal entry equal to the sum of
the entries in the i-th row of the matrix Sx○SxðSy○Sy; Sx○SyÞ. More
details can be found in the Appendix.

The reason why we use sparse reconstruction to build simi-
larity matrices is that the sparsity is not only an important way to
encode the domain knowledge, but also beneficial to computa-
tional tractability. The sparest representation has natural dis-
criminating power: considering face images, the most compact
expression of a certain face image is generally given by the face
images from the same class. Furthermore, the sparse representa-
tion achieved by minimizing a ℓ1 regularization related objective
function chooses its neighborhood automatically and does not
have to encounter model parameters such as the neighborhood
size and heat kernel width, which are generally difficult to set in
practice. It is worth noting that the sparsity in our method means
the sparse representation instead of controlling the zero values in
projective vectors, which indicates that our proposed approach is
different from those sparse CCA.

According to Eq. (3), the optimization problem of CSCCA can be
solved by following generalized eigenvalue decomposition:

XRYT

YRXT

" #
wx

wy

" #
¼ λ

XSxxXT

YSyyYT

" #
wx

wy

" #
ð8Þ

Following the idea in [36], Eq. (8) can be efficiently computed via
singular value decomposition (SVD) technique. The details of the
solution are presented in Algori thm 1. After obtaining d eigenvectors
for each view corresponding to d generalized eigenvalues λi, i¼ 1;…; d,
we denote them as Wx ¼ ½w1

x ;…;wd
x � and Wy ¼ ½w1

y ;…;wd
y�. For

samples x, y, the features can be extracted as follows [37]

WT
xxþWT

yy

WT
xx

WT
yy

2
4

3
5 ð9Þ

The two feature combination methods in Eq. (9) are referred to as
parallel combination and serial combination, denoted as FFS1 and FFS2,
respectively. With the fused features, we can implement classification
tasks through any classifier. In this paper, we use the nearest neighbor
classifier.

Algorithm 1. CSCCA.
Input: Training sets XARp�n;YARq�n
Output: Projection matrices Wx;Wy
Construct Sx; Sy.

Define R¼ SxyþSxþSy;
Compute matrices ~C xy ¼ XRYT , ~C xx ¼ XSxxXT ,
~C yy ¼ YSyyYT .
Compute matrix H ¼ ~C
� 1

2
xx

~C xy
~C
� 1

2
yy ;
Perform SVD decomposition on H : H ¼UDVT ;

Choose U ¼ ½U1…Ud�, V ¼ ½V1…Vd�, don;
Obtain Wx ¼ ~C
� 1

2
xx U , Wy ¼ ~C

� 1
2

yy V;
7

2.3. Kernelized CSCCA

Kernel methods have achieved a remarkable flourish in dimen-
sionality reduction research and amount of kernel based learning
algorithms such as KPCA [38], KICA [39] and KCCA [36] have been
proposed. According to pattern separability theorem [40], after map-
ping into a high dimension feature space a complicated pattern clas-
sification problem will be more linear separable than in the original
low dimension input space. With the help of kernel trick, we extend
CSCCA to its kernel version (KCSCCA) to enhance the classification
ability for nonlinear problems.

The solution of CSCCA can be expressed as the linear combi-
nation of samples, wx ¼ Xα and wy ¼ Yβ, where αARn and βARn

are the combination coefficients. Assume the nonlinear mapping
ϕ : x↦ϕðxÞ and ψ : y↦ψ ðyÞ, which maps samples into feature
space. Let ϕðXÞ ¼ ½ϕðx1Þ;…;ϕðxnÞ� and ψ ðYÞ ¼ ½ψ ðy1Þ;…;ψ ðynÞ�
denote the sample matrices in feature space. Because KCSCCA is
performing CSCCA in feature space, the solution of KCSCCA wϕ
and wψ can be expressed as the linear combination of samples
fϕðxiÞgni ¼ 1 and fψ ðyiÞgni ¼ 1, i.e. wϕ ¼ϕðXÞα and wψ ¼ψ ðY Þβ. The
objective function of KCSCCA is to optimize

max
α;β

αTKxRKyβ

s:t: αTKxSxxKxα¼ 1
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Fig. 1. Distribution of the first pair of features extracted by CCA, LPCCA, LDCCA and CSCCA.
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βTKySyyKyβ¼ 1 ð10Þ

where Kx ¼ϕðXÞTϕðXÞ and Ky ¼ψ ðYÞTψ ðYÞ. It is worth nothing
that we still compute the reconstruction matrices Sx and Sy in the
original space rather than in the feature space. Kxð�; �Þ and Kyð�; �Þ
are kernel functions by which we can obtain the inner product of
samples in the feature space without knowing the explicit form of
ϕ and ψ. The solution of Eq. (10) is similar to that in CSCCA.

When we get the generalized eigenvectors αi and βi, Wϕ and
Wψ can be denoted as follows:

Wϕ ¼ϕðXÞ½α1;…;αd� ¼ ½wϕ1;…;wϕd�
Wψ ¼ψ ðYÞ½β1;…;βd� ¼ ½wψ1;…;wψd� ð11Þ
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Table 1
Recognition accuracies on multiple features database (FFS1).

X Y CCA LPCCA DCCA KCCA LDCCA CSCCA KCSCCA

fac fou 0.8683 0.9398 0.9512 0.8691 0.9515 0:9828 þ 0:9706n

fac kar 0.9632 0.9687 0.9739 0.9476 0.9777 0:9841 þ 0:9801n

fac mor 0.7584 0.8011 0.9076 0.6867 0.8701 0:9625þ 0:9713n

fac pix 0.9471 0.9611 0.9733 0.9440 0.9740 0:9836 þ 0:9832n

fac zer 0.8529 0.9275 0.9603 0.8243 0.9659 0:9834 þ 0:9748n

fou kar 0.8970 0.9483 0.9380 0.8651 0.9374 0:9744þ 0:9884n

fou mor 0.7581 0.7027 0.8102 0.6593 0.8046 0.8179 0:8419n

fou pix 0.8295 0.8547 0.9318 0.8662 0.9306 0:9745þ 0:9886n

fou zer 0.8249 0.8424 0.8382 0.8206 0.8353 0:8571þ 0:8801n

kar mor 0.7872 0.8245 0.8902 0.6754 0.8612 0:9318þ 0:9784n

kar pix 0.9627 0.9739 0.9459 0.9545 0.9447 0:9781þ 0:9823n

kar zer 0.9127 0.9613 0.9368 0.8309 0.9474 0:9719þ 0:9806n

mor pix 0.7246 0.7178 0.8784 0.6716 0.8530 0:9426þ 0:9830n

mor zer 0.7194 0.6922 0.7939 0.6662 0.7967 0.7816 0:8272n

pix zer 0.8232 0.9310 0.9307 0.8269 0.9373 0:9719þ 0:9827n

Table 2
Recognition accuracies on multiple features database (FFS2).

X Y CCA LPCCA DCCA KCCA LDCCA CSCCA KCSCCA

fac fou 0.8776 0.9613 0.9787 0.8691 0.9796 0:9866 þ 0.9595

fac kar 0.9638 0.9697 0.9786 0.9476 0.9804 0:9841 þ 0.9785

fac mor 0.7700 0.8418 0.9284 0.6937 0.8950 0:9726 þ 0:9707n

fac pix 0.9468 0.9620 0.9750 0.9440 0.9762 0:9834 þ 0:9831n

fac zer 0.8601 0.9501 0.9768 0.8243 0.9787 0:9825 þ 0.9750

fou kar 0.9227 0.9656 0.9684 0.8651 0.9665 0:9816þ 0:9900n

fou mor 0.7636 0.7805 0.8252 0.6565 0.8215 0.8236 0:8418n

fou pix 0.8476 0.8912 0.9630 0.8662 0.9587 0:9832þ 0:9902n

fou zer 0.8350 0.8529 0.8464 0.8209 0.8499 0:8647þ 0:8703n

kar mor 0.8156 0.8828 0.9224 0.6788 0.9001 0:9411þ 0:9784n

kar pix 0.9630 0.9737 0.9411 0.9545 0.9579 0.9776 0:9824n

kar zer 0.9203 0.9697 0.9587 0.8311 0.9611 0:9746þ 0:9796n

mor pix 0.7500 0.7479 0.9103 0.6726 0.8831 0:9535þ 0:9829n

mor zer 0.7482 0.7293 0.8120 0.6709 0.8096 0.7989 0:8273n

pix zer 0.8404 0.9548 0.9525 0.8269 0.9561 0:9757þ 0:9829n
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For any sample ðx; yÞ, we can extract features as follows:

WT
ϕϕðxÞ ¼ ½α1;…;αd�TϕðXÞTϕðxÞ ¼ ½α1;…;αd�T ½Kxðx1; xÞ;…;Kxðxn; xÞ�T ARn

WT
ψψ ðyÞ ¼ ½β1;…;βd�Tψ ðYÞTψ ðyÞ ¼ ½β1;…;βd�T ½Kyðy1; yÞ;…;Kyðyn; yÞ�T ARn

ð12Þ

With the extracted features by KCSCCA, we can obtain the com-
bined representations through feature fusion strategies FFS1 and
FFS2 in Eq. (9), respectively.
3. Experiments and results

In this section, we evaluate our methods CSCCA and KCSCCA on
both artificial and real world data sets including multiple features
data set1 and two face databases,2 ORL and PIE. We first use CSCCA
and KCSCCA to extract features from multi-view data as well as
other five related methods, CCA, LPCCA, DCCA, KCCA and LDCCA.
1 http://archive.ics.uci.edu/ml
2 http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
Then the nearest neighborhood classifier is employed to evaluate
the classification performance of different methods.

The type of kernel and its related parameters are important
parameters to be determined in kernel based methods. In our
experiments, we adopt the Gaussian kernel, i.e. Kxðxi; xjÞ ¼ expð�
‖xi�xj‖2=2σ2

x Þ and Kyðyi; yjÞ ¼ expð�‖yi�yj‖2=2σ2
y Þ. The optimal

values of kernel widths σx2 and σy2 are found by searching the
following parameter spaces

½2�2;2�1;20;21;22� � σ2
x0 and ½2�2;2�1;20;21;22� � σ2

y0

σ2
x0 ¼

1
nðn�1Þ

Xn
i ¼ 1

Xn
j ¼ 1

‖xi�xj‖2 and σ2
y0
¼ 1
nðn�1Þ

Xn
i ¼ 1

Xn
j ¼ 1

‖yi�yj‖2

ð13Þ
where σ2

x0 and σ
2
y0

are the mean square distances of samples X and
Y . In order to control the sparsity of weight matrices in CSCCA and
KCSCCA, a balancing factor η is introduced, which is optimized by
searching in the range ηA ½0:001;0:01;0:1;1;10;100�. Furthermore,
the effect of η will be demonstrated in practice in Section 3.4.
There is also a parameter k in LPCCA and LDCCA, i.e. the number of
the nearest neighbors, which will be searched in the range from
one to the number of training data. All the parameters are chosen

http://archive.ics.uci.edu/ml
http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html


Table 3
Recognition accuracies on ORL database.

X Y CCA LPCCA DCCA KCCA LDCCA CSCCA KCSCCA

FFS1 64�64 32�32 0.8735 0.8585 0.9080 0.8705 0.9250 0:9490 þ 0:9325n

64�64 Wav 0.8920 0.8555 0.9120 0.8895 0.9270 0:9495 þ 0:9405n

64�64 Lbp 0.9175 0.8880 0.9820 0.9095 0.9825 0.9790 0.9785
32�32 Wav 0.8860 0.8710 0.9320 0.8855 0.9315 0:9565 þ 0.9440

32�32 Lbp 0.9210 0.8835 0.9805 0.9135 0.9810 0.9785 0.9780
Wav Lbp 0.9220 0.8905 0.9860 0.9165 0.9830 0.9795 0.9820

FFS2 64�64 32�32 0.8735 0.8585 0.9075 0.8705 0.92220 0:9495 þ 0:9350n

64�64 Wav 0.8920 0.8555 0.9115 0.8895 0.9290 0:9490 þ 0:9410n

64�64 Lbp 0.9200 0.8890 0.9845 0.9095 0.9845 0.9850 0.9820
32�32 Wav 0.8865 0.8715 0.9320 0.8855 0.9270 0:9565 þ 0.9440

32�32 Lbp 0.9200 0.8810 0.9850 0.9135 0.9830 0.9830 0.9795
Wav Lbp 0.9210 0.8925 0.9845 0.9165 0.9830 0.9865 0.9820

Table 4
Classification accuracies on PIE database.

X Y CCA LPCCA DCCA KCCA LDCCA CSCCA KCSCCA

FFS1 64�64 32�32 0.9314 0.9345 0.9462 0.9240 0.9594 0:9672þ 0:9750n

64�64 Wav 0.9331 0.9365 0.9470 0.9330 0.9613 0:9682þ 0:9755n

64�64 Lbp 0.9503 0.9524 0.9858 0.9349 0.9822 0.9834 0.9844
32�32 Wav 0.9518 0.9547 0.9668 0.9452 0.9607 0.9688 0:9762n

32�32 Lbp 0.9495 0.9512 0.9849 0.9328 0.9812 0.9840 0.9845
Wav Lbp 0.9508 0.9526 0.9656 0.9349 0.9820 0:9841þ 0:9842n

FFS2 64�64 32�32 0.9313 0.9345 0.9457 0.9240 0.9587 0:9674þ 0:9748n

64�64 Wav 0.9331 0.9365 0.9470 0.9330 0.9612 0:9682þ 0:9757n

64�64 Lbp 0.9552 0.9543 0.9870 0.9352 0.9842 0.9853 0.9842
32�32 Wav 0.9521 0.9547 0.9665 0.9453 0.9601 0.9689 0:9761n

32�32 Lbp 0.9538 0.9530 0.9861 0.9332 0.9826 0.9856 0.9835
Wav Lbp 0.9548 0.9550 0.9672 0.9353 0.9801 0:9854 þ 0:9840n
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in their respective ranges through 10-fold cross validation on
training data. For each data set, the experiments are repeated 10
times and the averaged accuracies are presented. For all methods,
the subspace dimensionality is set from 1 to 50, such that we
choose the best result of different algorithms with different sub-
space dimensionality. If the maximum dimension of the two views
is less than 50, the subspace dimensionality is set to the maximum
dimension of the two views.

3.1. Toy problem

We consider a two-class classification problem containing 150 two-
dimensional samples with two views denoted as X ¼ ½X1;X2� and
Y ¼ ½Y1;Y2�, where X i and Y i represent the i ði¼ 1;2Þ class samples
respectively. X i satisfies the Gaussian distribution Nðμi;ΣiÞ, where
μ1 ¼ ½10:18;0:66�T , Σ1 ¼ ½14;3:75;3:75;15�, μ2 ¼ ½5; �5�T , Σ2 ¼ ½1;0;
0;1�. We get Y from the following transformation:

yi ¼WTxiþε; i¼ 1;…;150: ð14Þ
where W ¼ ½0:6; �

ffiffiffiffiffiffiffiffi
1=2

p
;0:8;

ffiffiffiffiffiffiffiffi
1=2

p
� and ε is additional Gaussian

noise which follows Nðμε;ΣεÞ, in which με ¼ ½1;1�T , Σε ¼ ½0:01;
0;0;0:01�.

The distribution of the data is shown in Fig. 1(a). And Fig. 1(b)–
(e) plots the distribution of the first pair of features ðwT

x1x;w
T
y1yÞ

extracted by CCA, LPCCA, LDCCA and CSCCA, respectively. Fig. 2
compares the result of KCCA with that of KCSCCA. From the experi-
mental results, we can see that CCA can reveal the linear relationship
of the original features, but the two classes are severely overlapped.
The overlapped phenomena still exist in the result of LPCCA and
LDCCA. In CSCCA, two classes are separated better than CCA, LPCCA
and LDCCA and the data features extracted by KCSCCA are separated
completely while there is still some overlap in KCCA. Figs. 1 and 2
indicate that the features extracted by CSCCA and KCSCCA can pre-
serve much discriminate information.

3.2. Multiple feature recognition

Multiple Feature data set which consists 2000 samples of
handwritten digits 0–9 with six different feature sets is picked out
from UCI machine learning repository. Each class contains 200
examples. The six feature sets which describe the data set from
different views include profile correlations, flourier coefficient of
the character shapes, Karhunen–Loève expansion coefficient, pixel
average, Zernike moments and morphological characteristics. The
name and the dimension of those features are (fac, 216), (fou, 76),
(kar, 64), (pix, 240), (zer, 47) and (mor, 6).

We choose two sets of these six features as X view and Y view,
so there are 15 ðC2

6 ¼ 15Þ view settings in total. For each class, we
randomly choose 100 samples in each class for training, the other
samples for testing. Thus there are 1000 training samples and 1000
testing samples. We extract features by CSCCA and KCSCCA as well
as CCA, LPCCA, DCCA, KCCA and LDCCA. Then we perform classifi-
cation based on the extracted features using nearest neighbor
classifier. Average results over 10 independent runs of two feature
fusion strategies are reported in Tables 1 and 2. We have also per-
formed a statistical test (paired t test at 95% significance level)
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Fig. 3. Recognition accuracies on multiple features database with a different dimension.
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between our methods and the best performing method excluding
CSCCA and KCSCCA. In Tables 1 and 2, we use bold type and other
three symbols to point out the results. In the same classification
task, the highest accuracy of the results is represented in bold type
with underline and the second-highest one is shown in bold type.
The plus symbol þ denotes that the classification result obtained by
CSCCA is statistically significant. Analogously, the asterisk notation
n indicates that the accuracy of KCSCCA is statistically significant.
The bold type and the three symbols in Tables 3 and 4 express the
same meaning in Tables 1 and 2. It can be seen from Table 1, the
accuracy of CSCCA and KCSCCA is mostly better than other methods.
In contrast, the LDCCA provides the second best result only once. A
similar phenomenon can be found in Table 2. DCCA provides the
second best result only two times and LDCCA achieves the second
best performance only three times. It also shows that in most cases
our methods perform significantly better than other methods. Fig. 3
shows the effect of subspace dimensionality d on performances of
the algorithms. Two typical view settings are picked. It indicates
that in most cases our methods achieve better accuracies than other
methods at various dimensions.

3.3. Face recognition

In this subsection, we carry out experiments on two databases
including ORL and PIE to verify the performances of CSCCA and
KCSCCA for face recognition. Following the preprocessing steps in
[41], face areas are cropped and the size of each cropped image is
64�64 pixels, which is used as the first view. Actually images
with different resolutions can provide information at different
levels and can be regarded as different views of images, thus each
image is resized to 32�32 pixels to generate the second view.
Double Daubechies wavelet transform is performed on all images
and the low frequency components are chosen as the third view.
We use the local binary pattern (LBP) histograms which have been
proved to be efficient patterns for representing face images [42], as
the fourth view. So there are 6 view combinations in our experi-
ments. Our methods are compared with CCA, LPCCA, DCCA, KCCA
and LDCCA in each combination and the results of 10 independent
runs are reported.

3.3.1. ORL database
ORL data set contains 40 persons' images and everyone has 10

images which are taken at different times, varying the lighting,
facial expressions (open or closed eyes, smiling or not smiling) and
facial details (glasses or no glasses). All images are all sized
112�92 pixels with 256-level gray scale. We randomly choose five
images of one person for training and the rest images for testing,
so that here are 200 training images and 200 testing images in
total. Table 3 presents the results of different algorithms on ORL
database. The table shows that CSCCA outperforms other methods
in FFS2 and achieves the highest accuracy on ORL database.
KCSCCA also gets good performance in several view settings. Fig. 4
validates the effectiveness of the proposed methods with different
subspace dimensions.
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Fig. 5. Recognition accuracies on PIE database with a different dimension.
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Fig. 4. Recognition accuracies on ORL database with a different dimension.
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3.3.2. PIE database
PIE data set contains 3329 images of 68 individuals, in which

subject of number 36 has only 46 images and the rest have 49
images. Because PIE is much larger than ORL database, 20 images
of one person are chosen randomly as training examples and the
remaining images are for classification. Table 4 gives the classifi-
cation accuracies of different algorithms on PIE data set. From
Table 4, we can see that CSCCA and KCSCCA achieve the mostly
highest accuracy in a different view combination. Other methods
only DCCA gets best performance four times. Fig. 5 also shows that
our methods are better than other methods with a different
dimension.
3.4. Effect of parameter η

The η in constructing the weight matrices is an important
parameter in CSCCA. However, to the best of our knowledge, it is
challenging to determine the appropriate value of η in advance. In
our experiments, we choose the optimal value of the parameter by
searching in the range ηA ½0:001;0:01;0:1;1;10;100� via 10-fold
cross validation on the training set. In order to see how different
values of η will affect the final performance, we plot the curves of
CSCCA method when different values of parameters are used in
experiments. Fig. 6 shows the results of three different view
settings using feature fusion strategy one (FFS1) on multiple fea-
tures data set, ORL database and PIE database, respectively.

As can be seen from Fig. 6, parameter η affects the final per-
formance. Specifically, when η is in [0.001 1], CSCCA would reach
the preferable accuracy. When η is larger than 10, the classification
accuracy drops down dramatically. The reason is that when η
increases, the ℓ1 regularization term of Eq. (6) becomes less
important and there will be many nonzero values in the recon-
structive weight vector, which will overlook the intrinsic geo-
metric structure of data. In contrast, when η is between 10�3 and
1, the weight matrices obtained via Eq. (6) will catch the intrinsic
local structure of data and the perfect performances will be
achieved.
4. Conclusion

In this paper, we have presented a novel CCA model called
CSCCA for multi-view feature extraction. CSCCA can preserve the
within-class local structure information. Besides, CSCCA considers
not only the correlations between the two views of the same
sample but also the cross-view correlations between within-class
samples. The local structure and cross-view correlation are auto-
matically obtained in similarity matrices, which are constructed by
performing sparse representation between within-class samples.
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The sparest representation has natural discriminating power and
is also beneficial to computational tractability. Furthermore, we
propose a kernel generalization of CSCCA (KCSCCA). The experi-
mental results on a series of databases show the effective perfor-
mance of CSCCA and KCSCCA compared with related methods.

In KCSCCA, we use the weight matrices calculated in original
space rather than in the feature space. We will investigate whether
the performances can be improved with the weight matrices in
feature space. In current work, we use CSCCA and KCSCCA only in
classification task. However, it is interesting to apply the proposed
methods to other tasks such as data visualization. There are
usually more than two view feature sets in real work applications,
so how to handle multiple views is very important in our fol-
lowing research. In our future work, we will extend our proposed
approach to semi-supervised situation. Nonnegative matrix fac-
torization [43,44] instead of sparse representation will be adopted
to obtain weight matrices.
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Appendix A. The derivation of Eq. (7)

The objective function of Eq. (7) contains two terms and the
second term can be easily rewritten into compact form:

Xn
i ¼ 1

Xn
j ¼ 1

ðSxijþSyijÞxiyTj ¼ XðSxþSyÞYT ð15Þ

Expand the first term:

Xn
i ¼ 1

Xn
j ¼ 1

Sxijðxi�xjÞSyijðyi�yjÞT ¼
Xn
i ¼ 1

Xn
j ¼ 1

SxijS
y
ijðxiyTi þxjyTj �xiyTj �xjyTi Þ

ð16Þ

The quadratic term

Xn
i ¼ 1

Xn
j ¼ 1

SxijS
y
ijxiy

T
i ¼

Xn
j ¼ 1

Xn
i ¼ 1

SxijS
y
ijxiy
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i

¼
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j ¼ 1

ðx1;…; xnÞ
Sx1jS

y
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SxnjS

y
nj

2
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¼ X
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x
1jS

y
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x
njS
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nj
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3
775YT ¼ X � diagðSx○SyÞ � YT

ð17Þ
Similarly,

Xn
i ¼ 1

Xn
j ¼ 1

SxijS
y
ijxjy

T
j ¼ X

Pn
i ¼ 1 S

x
i1S

y
i1

⋱ Pn
i ¼ 1 S

x
inS

y
in

2
64

3
75YT ¼X � diagðSx○SyÞ � YT

ð18Þ
The cross term

Pn
i ¼ 1

Pn
j ¼ 1 S

x
ijS

y
ijxiy

T
j ¼

Pn
i ¼ 1 xi

Pn
j ¼ 1 S

x
ijS

y
ijy

T
j ¼Pn

i ¼ 1 xib
T
i Y

T , where bT
i ¼ ðSxi1Syi1;…; SxinS

y
inÞ is the i-th row of matrix

Sx○Sy, then Eq. (18) can be written as XðSx○SyÞYT . For the sym-
metry of matrix Sx and Sy, we can also get,

Xn
i ¼ 1

Xn
j ¼ 1

SxijS
y
ijxjy

T
i ¼ XðSx○SyÞTYT ¼ XðSx○SyÞYT ð19Þ

Arrange these equations, we can get the compact form of the first
term:

Xn
i ¼ 1

Xn
j ¼ 1

Sxijðxi�xjÞSyijðyi�yjÞT ¼ 2X diagðSx○SyÞYT �2XðSx○SyÞYT ¼ 2XSxyYT

ð20Þ
Finally, the compact form of the objective function can be written
as:

Xn
i ¼ 1

Xn
j ¼ 1

Sxijðxi�xjÞSyijðyi�yjÞT þ
Xn
i ¼ 1

Xn
j ¼ 1

ðSxijþSyijÞxiyTj ¼ Xð2SxyþSxþSyÞYT

ð21Þ
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