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a b s t r a c t

Traditionally unsupervised dimensionality reduction methods may not necessarily improve the

separability of the data resided in different clusters due to ignorance of the inherent relationship

between subspace selection and clustering. It is known that soft clustering using fuzzy c-means or its

variants can provide a better and more meaningful data partition than hard clustering, which motivates

(ResKmeans) in this paper. ResKmeans performs soft clustering and subspace selection simultaneously

and thus gives rise to a generalized linear discriminant analysis (GELDA) which captures both the intra-

cluster compactness and the inter-cluster separability. Furthermore, we clarify both the relationship

between GELDA and conventional LDA and the inherent relationship between subspace selection and

soft clustering. Experimental results on real-world data sets show ResKmeans is superior to other

popular clustering algorithms.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

It is well known that data clustering plays an indispensable role in
understanding and uncovering the structure of unlabeled data. To this
end, a clustering algorithm should make similar instances group into
the same cluster and dissimilar instances into different clusters with
good separability to reflect the inherent structures in the data.
Undoubtedly, a good clustering is crucial to many real-world applica-
tions especially for high-dimensional data such as digital images,
financial time series and gene expression microarrays. Unfortunately,
many known algorithms tend to work ineffectively in the high-
dimensional space because the distance between every pair of
instances is almost the same for a wide variety of data distributions
and distance functions [1]. In fact, since the high-dimensional data
often reside on or near an underlying low-dimensional manifold, one
natural way to overcome the above limitation is to apply dimension-
ality reduction techniques to effectively seek a low-dimensional
representation of the data for clustering. The techniques for unsu-
pervised dimensionality reduction such as ISOMAP [2], constrained
Laplacian Eigenmap [3], principal component analysis (PCA) [4] and
its variant [5], locally linear embedding (LLE) [6], locality preserving
projections [7] and sample-dependent graph construction [8], as a
pre-processing step before clustering, may be difficult in improving
the separability among the clusters for better characterizing the
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structures in data [9]. In order to alleviate this difficulty, one natural
way is to borrow the idea from supervised dimensionality reduction
such as linear discriminant analysis (LDA) [10–13] to separate the
data by utilizing the obtained cluster labels. Following such a line,
recently, researchers have proposed several iterative subspace selec-
tion and clustering algorithms to promote their own performances
mutually, consequently forming so-called discriminative clustering.
Currently, there are two major approaches of discriminative cluster-
ing: the LDA-guided approach and the distance metric learning-based
approach. The former combines LDA and K-means clustering into a
coherent framework to select the most discriminative subspace
[1,14,15]. Specifically, this class of approaches uses K-means cluster-
ing to generate the cluster labels and then applies LDA to perform
subspace selection. The latter performs clustering and distance metric
learning simultaneously. Such approaches show that the joint clus-
tering and distance metric learning can be formulated as a trace
maximization problem, which can be solved via an alternating
iterative procedure as done in the EM framework [9,16]. In practice,
the above algorithms apply the K-means algorithm to cluster the
instances in low-dimensional discriminative space where each
instance only belongs to one single cluster, thus called ‘‘hard’’
clustering. Although such hard clustering is a well-posed problem,
the crisp solution may be characterized by the extremal points
[17,18]. On the other hand, soft clustering using fuzzy c-means and
its variants have been shown to be capable of providing a better and
more meaningful data partition than hard clustering approaches [19].
Moreover, hard clustering algorithms often fail to adequately reflect
the real-world data description because of the uncertain nature of
their memberships [20,21].
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In this paper, we are more interested in how to uncover the
structure in real-world data as faithfully as possible and improve the
clustering accuracy for the high-dimensional data. To this end, we
follow the first approach above and propose a new regularized soft
K-means algorithm for discriminant analysis, called ResKmeans. More
specifically, through relaxing the membership degree of the data from
hard binary values of {0,1} to the soft interval [0,1] and subsequently
adding an entropic regularization term to the objective function of
K-means [22], thus a regularized soft K-means algorithm is developed
and then applied to cluster the data. However, different from existing
typical algorithms [1,13,15], we specially develop a generalized linear
discriminant analysis approach (GELDA) for adaptively selecting the
most discriminative subspace based on the obtained membership
degrees rather than the cluster labels. With such a new GELDA, the
new data representations can be generated by projecting all the data
points onto the most discriminative subspace, and further, are again
input to the regularized soft K-means algorithm to find the appro-
priate cluster assignments. In a word, the procedure both for finding
the most discriminative subspace using GELDA and for clustering the
data points will alternatively perform until the appropriate cluster
assignments are obtained.

Fig. 1 illustrates the data distributions based on the new repre-
sentations in the projected subspaces. The data points used in this
illustration are sampled from the News-Different data set (described
later in Section 4.1) which belong to the three clusters as labeled in
Fig. 1 by legends D, J, and þ , respectively. Sub-figure (a) shows the
original data distribution projected into a 2D space generated by PCA.
We see from it clearly that many data points of the cluster J overlap
heavily with data points of the clusters D and þ , and are difficult to
be separated. Sub-figures (b) and (c) illustrate the results generated
by LLE and PCACL, respectively. Sub-figure (d) shows the data
distribution in the newly-projected subspace, in which clustering
and distance metric learning are performed simultaneously. (e) and
(f) illustrate the results generated by LDA-KM and DisKmeans,
respectively. (g) illustrates the projected data distribution based on
the new representations generated by the proposed method, which
are helpful in separating the data points in the cluster J from those in
the other two clusters. Visually, the proposed algorithm can better
improve the separability of the cluster in the projected subspace in
comparison to the other representative methods. In what follows, we
summarize favorable and attractive characteristics of the proposed
algorithm:
(1)
 we propose a general discriminative clustering framework
whose novelty lies in that it integrates GELDA and regularized
soft K-means. Under the framework, previous work [1]
becomes its special case when the membership degree in soft
K-means is constrained to the binary values;
(2)
 maximum entropy is introduced as a regularized term such
that ResKmeans obtains more effective partitions with the
help of GELDA than other similar works, which gains some
new insights into the description of the real-world data;
(3)
 we show that GELDA and soft K-means clustering optimize the
same optimization criterion to achieve both minimization of the
within-cluster scatter and maximization of the between-cluster
scatter;
(4)
 the formulation of GELDA generalizes the famous LDA;

(5)
 last, ResKmeans leads to a natural generalization for existing

similar works and can also accommodate other off-the-shelf
soft clustering algorithms such as mixture of Gaussians, fuzzy
c-means and so on.
The rest of this paper is organized as follows. In Section 2, we
briefly review some related work on LDA subspace selection and
K-means clustering. Then we formulate the proposed general
discriminative clustering framework and derive the ResKmeans
algorithm in Section 3. We report experimental results in Section
4 and finally conclude this paper in Section 5.
2. Related work

Before we describe related work and the proposed method,
we summarize the main notations used in this paper in Table 1.
2.1. Discriminant analysis and K-means clustering

Let X denote a data set with n instances, xif g
n
i ¼ 1ARD. For

simplicity, the data are centered, i.e., m¼
Pn

i ¼ 1 xi=n¼0. Denote
X¼[x1,y,xn] as the data matrix whose i-th column is given by xi.
We use trace(M) to denote the trace of matrix M. The matrix
H¼ 0,1f gARn�K is the cluster indicator: Hik¼1 if xi belongs to the
cluster Ck, and Hik¼0 otherwise. K-means clustering is to mini-
mize the following objective function:

JK ¼
XK

k ¼ 1

X
xi ACk

:xi�mk:
2
, ð1Þ

where mk denotes the centroid of the cluster Ck.
Ding et al. [1] proposed an adaptive dimension reduction

algorithm, called LDA-Km. Specifically, LDA-Km uses LDA and
K-means clustering to iteratively perform subspace selection and
clustering. After obtaining the indicator H by Eq. (1), LDA-Km
respectively defines the between-cluster scatter and within-
cluster scatter matrices as follows:

Sw ¼ X�MHT
� �

X�MHT
� �T

, ð2Þ

Sb ¼MHT HMT , ð3Þ

LDA-Km optimizes the following objective function to obtain
the projection matrix W that maps the high-dimensional data
onto the low-dimensional space:

max
W ,H

trace WT SbW
� �

trace WT SwW
� � : ð4Þ

Thus, LDA-Km uses K-means clustering to generate cluster labels
and uses LDA to do subspace selection until an (local) optimal
solution is obtained. Similar to LDA-Km, Torre et al. [14] proposed
the discriminative cluster analysis (DCA) algorithm and optimized the
following objective function:

max
W ,H

trace WT SbW
� �

trace WT StW
� � : ð5Þ

In practice, the denominator of Eq. (5) is WTStW rather than WTSwW

which is crucial step in LDA, such that Eq. (5) is not a full LDA in
contrast to LDA-Km.
2.2. Discriminative K-means for clustering

Ye et al. [15] proposed the discriminative K-means (DisKmeans)
algorithm for simultaneous LDA subspace selection and clustering.
First of all, the cluster indicator is defined as follows:

H¼ hijn�K
where hij ¼ 1, iff xiACj

DisKmeans defines the weighted cluster indicator L with H as follows:

L¼ ½L1,. . .,LK � ¼H HT H
� ��1=2

: ð6Þ



Fig. 1. An example illustrating the new representations in the projected subspaces. (a) shows the original data distribution, projected to the space spanned by its two

principal components; (b)-(g) show the corresponding results obtained by existing representative methods and our method respectively. (a) Input Data, (b) LLE, (c) PCACL,

(d) AML, (e) LDA-Km, (f) DisKmeans and (g) ResKmeans.
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It follows that the j-th column of L is obtained by

Lj ¼ 0,. . .,0,1,. . .,1
zfflfflffl}|fflfflffl{nj

,0,. . .,0Þ
T

=n1=2
j

 !

Hence, the corresponding within-cluster scatter, between-

cluster scatter, and total scatter matrices are defined as follows:

Sw ¼
XK

k ¼ 1

X
xi ACk

xi�mkð Þ xi�mkð Þ
T , ð7Þ



Table 1
Summary of notations.

Symbols Description

n Number of instances

K Number of pre-specified clusters

X ¼ xif g
n
i ¼ 1 Set of n unlabeled instances

H Cluster indicator

L Weighted cluster indicator

W Projection matrix

U Membership degree

Sr
w

(soft) Within-cluster scatter

matrix

Sr
b

(soft) Between-cluster scatter

matrix

Sr
t (soft) total scatter matrix

Z Regularization parameter
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Sb ¼ XLLT XT , St ¼ XXT , ð8Þ

Since the estimation of the total scatter matrix is often
unreliable for the high-dimensional data, DisKmeans applies the
regularization technique to improve its estimation as follows:

~St ¼ StþlID ¼ XXT
þlID: ð9Þ

The above Eq. (5) can thus be rewritten as

f L,Wð Þ ¼ trace WT XXT
þlID

� �
WÞ�1WT XLLT XT W

� �
:

�
ð10Þ

The optimal projection matrix W can be expressed as W¼XP

forPARn�d. Further, solving the optimal W is transformed to solve
the matrix P which can be obtained by maximizing the following
objective function:

f L,Wð Þ ¼ trace PT GGþlGð ÞPÞ�1PT GLLT GP
� �

,
�

ð11Þ

Where G¼XTX is called as the Gram matrix. It was shown that the
optimal solution of the matrix L can be obtained by solving the
following maximization problem:

Ln
¼ argmax

L
trace LT In� Inþ

1

l
G

� ��1
 !

L

 !
ð12Þ

Different from LDA-Km and DCA, DisKmeans can be dramati-
cally simplified by removing the iteration between subspace
selection and clustering. In short, the above methods generally
adopt hard K-means to cluster the data in the projected space.
However, one of the shortcomings of hard clustering methods is
not to adequately take the fuzzy nature of the real-world data
memberships into account. In this paper, we aim to devise a
general framework of discriminant analysis by adopting regular-
ized soft K-means to realize both subspace selection and cluster-
ing. With the framework, we develop the ResKmeans algorithm to
overcome the shortcoming above and further improve the clus-
tering performance over state-of-the-art approaches.
3. Regularized soft K-means for discriminant analysis

3.1. Regularized soft K-means

Instead of hard K-means that each instance belongs to one and
only one cluster, soft K-means algorithms [23–25] group each
instance into one cluster in terms of the membership degree by
optimizing the following objective function:

minJs ¼
XK

k ¼ 1

Xn

i ¼ 1

uik:xi�mr
k:

2
ð13Þ

subject to
XK

k ¼ 1

uik ¼ 1, uikZ0 ð14Þ

where uik is the membership degree of xi belonging to the cluster
Ck whose centroid is mr

k. Let U¼[uik]A[0,1]n�K. In order to avoid
overfitting in the clustering process and obtain a probability
assignment for the instance, entropy, as the regularization term
[17,26], is introduced to the objective function of soft K-means,
thus the regularized objective is formed as

minJr
¼
XK

k ¼ 1

Xn

i ¼ 1

uik:xi�mr
k:

2
þZ

XK

k ¼ 1

Xn

i ¼ 1

uiklnuik ð15Þ

subject to
XK

k ¼ 1

uik ¼ 1, uikZ0: ð16Þ
To solve uik which satisfies constraints (16), we further define
a Lagrangian function of (15) as follows:

L uik,lð Þ ¼ Jr
�l

XK

k ¼ 1

uik�1

 !
, ð17Þ

where l is a Lagrangian multiplier. Now taking the derivative
of L(uik,l)with respect to uikand setting it to zero, we get

@L uik,lð Þ

@uik
¼ :xi�mr

k:
2
þZ lnuikþ1ð Þ�l¼ 0:

Solving the above equation, we have

uik ¼
exp �:xi�mr

k:
2
=Z

� �
PK

k ¼ 1 exp �:xi�mr
k:

2
=Z

� � : ð18Þ

Similarly, we also obtain the corresponding clustering centroid:

mr
k ¼

Xn

i ¼ 1

uikxi=
Xn

i ¼ 1

uik: ð19Þ

Therefore, with the regularization term of maximum entropy,
the membership assignments obtained by soft K-means clustering
not only satisfy constraints (16) to have a probabilistic inter-
pretation but also can reflect the inherent fuzzy nature of the
data. Particularly, if the assignment is just taken as 0 or 1, soft
K-means clustering reduces to hard K-means clustering.

3.2. Generalized linear discriminant analysis

Based on the membership U obtained in Section 3.1, in this
subsection, we will develop a GEneralized Linear Discriminant
Analysis method (GELDA). Like LDA, one key is to require defining
the within-cluster scatter, between-cluster scatter and total scatter
matrices for establishment of a discriminant criterion, but unlike LDA
which uses the supervised class labels, now just the instances’
membership degrees from soft clustering are available and then will
be used to respectively define the so-needed (soft) within-cluster
scatter matrix Sr

w, (soft) between-cluster scatter matrix Sr
b and (soft)

total scatter matrix Sr
t for GELDA as in (20–22)

Sr
w ¼

XK

k ¼ 1

Xn

i ¼ 1

uikðxi�mr
kÞðxi�mr

kÞ
T , ð20Þ

Sr
b ¼

XK

k ¼ 1

nr
kðm

r
k�mrÞðmr

k�mrÞ
T , ð21Þ

Sr
t ¼

Xn

i ¼ 1

xi�mr
� �

xi�mr
� �T

, ð22Þ



1 If St is singular, we can also apply the regularization technique as (9) to

improve its estimation.
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wherenr
k ¼

Pn
i ¼ 1 uikis the (fuzzy or soft) number of the instances

involved in the cluster Ck. mris the (fuzzy) global center of the data,
which can be expressed as

mr ¼

PK
k ¼ 1

Pn
i ¼ 1 uikxiPK

k ¼ 1

Pn
i ¼ 1 uik

ð23Þ

since
XK

k ¼ 1
uik ¼ 1, we have

XK

k ¼ 1

Xn

i ¼ 1

uik ¼ n

and

mr ¼
1

n

XK

k ¼ 1

Xn

i ¼ 1

uikxi ¼
1

n

Xn

i ¼ 1

xi

XK

k ¼ 1

uik ¼
1

n

Xn

i ¼ 1

xi ¼m:

Thus, mr is equal to m (the global or sample center of the data in
hard clustering). Especially, both mr and m are zero when the data
are centralized.

Further, we obtain a more general formulation for discrimi-
nant criterion and two insights: The first insight is that as a
generalization of LDA, GELDA can make effective use of the fuzzy
nature of the real-world data to seek the most discriminative
subspace. The relationship between GELDA and LDA is summar-
ized in the following proposition 1.

Proposition 1. Sr
t in GELDA and St in LDA are identical, i.e.,

Sr
t ¼ St : ð24Þ

Clearly, since mris equal to m, Proposition 1 holds.
Accordingly, since the value of uik lies in the interval [0,1] and

nr
k ¼

Pn
i ¼ 1 uik , usually nr

kank unless each cluster is pure, i.e., all
the instances in the cluster share a common class label. mr

k and
mk are respectively given by

mr
k ¼

Xn

i ¼ 1

uikxi=
Xn

i ¼ 1

uik ¼
Xn

i ¼ 1

uikxi=nr
k,

mk ¼
Xnk

i ¼ 1

xi=nk:

Thus generally, mr
kamk . Recalling Eqs. (3) and (21), in most

cases, alsoSr
baSb and Sr

waSw from Eqs. (7) and (20).
The second insight from the formulations of GELDA is that

trace(Sr
w ) and trace(Sr

b ) capture the intra-cluster compactness
and the inter-cluster separability, respectively. Moreover, it can
be shown thatSr

t ¼ Sr
wþSr

b (See Appendix later). Thus, we can
apply GELDA to find the directions along which instances of
different clusters can be far from each other while those of the
same cluster are close to each other. Such an optimal projection
can be obtained by optimizing the following objective function:

max
trace WT Sr

bW
� �

trace WT Sr
wW

� � : ð25Þ

Similar to LDA-Km, GELDA and soft K-means clustering opti-
mize the same optimization criterion, which can be summarized
in the following proposition 2.

Proposition 2. Suppose Sr
w , Sr

b , Sr
t to be the within-cluster scatter,

between-cluster scatter and total scatter matrices in GELDA respectively,

and Js to be the objective function of soft K-means clustering. Then

GELDA and soft K-means clustering have the same optimization

criterion.

Proof: The goal of soft K-means clustering is to optimize the
following objective function under the constraints

PK
k ¼ 1 uik ¼ 1
and uikZ0:

min Js ¼
XK

k ¼ 1

Xn

i ¼ 1

uik:xi�mr
k:

2

Since Sr
t ¼ Sr

wþSr
b, the above objective function can be written

as

Js ¼ trace
XK

k ¼ 1

Xn

i ¼ 1

uik xi�mr
k

� �
xi�mr

k

� �T

 !

¼ trace Sr
w

� �
¼ trace Sr

t�Sr
b

� �
ð26Þ

Therefore, soft K-means clustering minimizes the within-
cluster scatter, equivalently, maximizes the between-cluster scatter
since Sr

t ¼ St is a constant matrix for the given data.
Additionally, Sr

w and Sr
b are respectively derived by the member-

ship degree {uik} so that the optimal projection W*of GELDA can be
determined by optimizing Eq. (25). As a result, we minimize the
within-cluster scatter while maximizing the between-cluster scatter.
Thus, GELDA and soft K-means clustering have the same optimization
criterion. This completes the proof of this proposition.&

Based on the theoretical analysis above, if we get the projec-
tion matrix W and fix it, the membership degree matrix U can be
computed by minimizing the following entropy-regularized
objective function subject to (16):

f
�

UÞ ¼ trace WT Sr
wWÞþZ

XK

k ¼ 1

Xn

i ¼ 1

uiklnuik

 !

¼ trace WT
XK

k ¼ 1

Xn

i ¼ 1

uik xi�mr
k

� �
xi�mr

k

� �T
W

 !
þZ

XK

k ¼ 1

Xn

i ¼ 1

uiklnuik

¼
XK

k ¼ 1

Xn

i ¼ 1

uik:WT xi�WT mr
k:

2
þZ

XK

k ¼ 1

Xn

i ¼ 1

uiklnuik ð27Þ

Obviously, the above formulation is exactly a regularized soft K-
means in the projected subspace Y¼WTX. Analogously, when U is
fixed, we can compute W using GELDA. Essentially, the optimization
is alternatively carried out by fixing one of two components (W and
U) and then optimizing the other. The corresponding algorithm, called
ResKmeans is presented in Algorithm 1 below.

Algorithm 1: ResKmeans.

Input: Dataset X, cluster number K;
Output: Membership degree U, projection W.
Step 1: Set dimension d¼K-1;
Step 2: Compute PCA on X to obtain the initial W;
Step 3: Perform regularized soft K-means: compute matrix U

by Eq. (18) in the W-transformed space;

Step 4: Perform GLDA: get Sr
w, Sr

b and Sr
t with U by Eqs. (20–22)

to compute W by Eq. (25);
Step 5: Go to step 3 until convergence;
Step 6: Return U, W.

After the iteration for finding W and U, we can obtain the new
projection space and K partitions of all the data. Concretely, if uik is
greater than the other membership degrees in the i-th row, xi belongs
to the k-th cluster Ck. We thus group n data points into K clusters
according to obtained U.

Next, we discuss the convergence of ResKmeans. Our goal is to
solve (U, Mr) and W jointly by optimizing the following problem:1

minJ W ,U,Mr� �
¼ trace WT Sr

wW
� �

þZ
XK

k ¼ 1

Xn

i ¼ 1

uiklnuik ð28Þ
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subject to trace WT StW
� �

¼ 1, ð29Þ

XK

k ¼ 1

uik ¼ 1, uikZ0, ð30Þ

Where

Mr
¼ ½mr

1,. . .,mr
K �

Due to the nonconvexity of the above optimization problem
with respect to (U, Mr, W), directly solving them simultaneously is
difficult. Instead we adopt the alternating optimization technique
as in fuzzy K-means [23] to optimize them. In this way, for a given
W, the objective function (28) which is now just subject to the
constraints (30) and independent on the constraint (29), naturally
boils down to our familiar soft K-means clustering in the
W-transformed space. Thus according to [23], (U, Mr) can alter-
natively be solved between U and Mr and finally converge to some
local optimum in finite time iterations. Next, for a given (U, Mr),
optimizing (28) with respect to W, just dependent on the
constraint (29), is equivalent to optimizing (25). Though this
problem is not convex, we can still obtain its approximate
analytic solution by solving the same generalized eigenvalue
equation as LDA. This process is alternatively repeated till an
approximate solution or some local optimum of (U, Mr, W) is
reached. Again due to nonconvexity of the constraint (29), the
theoretical convergence of ResKmeans is generally difficult to be
proved, which is exactly the same theoretical problem as Ding
et al. confronted in their LDA-Km [1]. Consequently, following [1],
we also have to resort to an empirical means to examine the
convergence of ResKmeans. Fortunately, in the following experi-
ments, we find that ResKmeans typically converges within 10
iterations on all the data sets used here, which is likewise
consistent with Ding et al.’s findings.

Finally, ResKmeans consists of two parts: GELDA and soft
K-means clustering. It is equivalent to t (GELDAþsoft K-means
clustering), where t is the iteration number of the algorithm to
converge. Therefore, the time complexity of ResKmeans is O(Dnt)
for soft K-means clustering and O(D2nt) for GELDA where D is the
dimension of data and n is the number of the data points.
4. Experiments

In this section, we present an experimental study to evaluate
the ResKmeans algorithm in comparison to several representative
algorithms. Particularly, we aim to address the following three
questions in our study:
(1)
 As a general discriminative clustering framework, is the
proposed algorithm able to effectively integrate GELDA sub-
space selection and regularized soft K-means?
(2)
 How effective is the proposed discriminative framework com-
pared with the other discriminative clustering algorithms?
(3)
 Can the imposed regularization make the iterative subspace
selection and clustering process be prone to stable?
4.1. Data sets

We compare all the algorithms on the fifteen data sets,
including Digits, Iris, Letter (Letter (a–d)), Protein, Segment, Wine,
Zoo from UCI Machine Learning Repository, three image data sets:
USPS handwritten data, Yale face, ORL face, and three document
data sets: News-Similar, News-Same and News-Different from 20
Newsgroups. The statistics of all the data sets are summarized in
Table 2.
4.2. Clustering evaluation

For comprehensive evaluation on the clustering performance,
in the following experiments, we adopt two popular measures
frequently used in both clustering algorithm and dimensionality
reduction, i.e. Accuracy [1,14–16,27] and normalized mutual
information [14,15,27,28]. The accuracy (ACC) is defined as
follows:

ACC ¼
1

n

Xn

i ¼ 1

d si,map rið ÞÞð

Where ri and si are respectively the obtained cluster label and the
ground-truth label of instance xi, n is the number of the instances,
d(x,y) equals 1 if x¼y and 0 otherwise, and map(ri) denotes a
permutation mapping from the cluster label ri to the ground-truth
label from the data set.

The normalized mutual information (NMI) is defined as

NMI¼
I X,Yð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HðXÞHðYÞ
p ð31Þ

where X and Y denote the random variables of the cluster
memberships from the ground truth and the output of clustering
algorithm, respectively, and I(X,Y) measures the mutual informa-
tion between X and Y. H(X) and H(Y) are the entropies of X and Y

respectively.

4.3. Comparison with the representative work

To validate that the proposed discriminative framework is
capable of effectively integrating subspace selection and regular-
ized soft K-means, other representative algorithms are used in our
study. They are
(1)
 PCAþK-means, in which PCA [4] is applied to select the
subspace and the K-means algorithm is used to cluster the
projected data;
(2)
 LLEþK-means, in which LLE [6] is applied to select the
subspace and K-means is used to cluster the projected data;
(3)
 LDA-Km [1], in which LDA and K-means are combined into a
coherent framework to select the subspace and perform
clustering simultaneously;
(4)
 AML [9], an unsupervised adaptive metric learning algorithm
which performs clustering and distance metric learning
simultaneously;
(5)
 DisKmeans [15], a simultaneous LDA subspace selection and
clustering algorithm which is a simplified version of LDA-Km;
(6)
 PCACL [5], in which the classical competitive learning is
extended by performing a principal components analysis;
(7)
 brFCM [24], an accurate fuzzy clustering algorithm which is
mainly used to cluster the low-dimensional data.
We implement our ResKmeans and the above seven algo-
rithms in the MATLAB environment. All experiments were con-
ducted on a PENTIUM DUAL 1.6 G PC with 1.0 GB RAM. For each
data set, we repeated experiments for 20 trials and tested the
performance on the whole data set. Also, all the data is normal-
ized and the average results from 20 trials are reported.

We use PCAþK-means as the baseline algorithm for com-
parison. Since brFCM is mainly used to cluster the low-
dimensional data, PCA is applied to reduce the dimension of
the data before it clusters the high-dimensional data. Addi-
tionally, the regularization parameter Z is determined by
searching in {10�3,10�2,10�1}. Like [1,9,14–16,29], for all
the (compared) eight algorithms, the cluster number K and
the reduced dimensionality of the data are simply set to the
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actual number of classes and K-1, respectively. Experimental
results are shown in terms of the low-dimensional and the
high-dimensional data sets respectively.
Table 2
Summary of the test datasets used in our experiment.

Dataset Instance Dimension Class

ORL 400 4096 40

Yale 165 2048 15

News-Different 300 1000 3

News-Same 295 1000 3

News-Similar 288 1000 3

USPS3568 3084 256 4

USPS 3000 256 10

Digits(0–5) 332 16 6

Digits 7479 16 10

Iris 150 4 3

Letter(a–d) 3096 16 4

Protein 116 20 6

Segment 1980 20 6

Wine 178 13 3

Zoo 101 18 7

Table 3
ACC and NMI results on the low-dimensional data sets (mean7std-dev%).

Dataset PCA LLE PCACL brFCM

(a) ACC comparison on the low-dimensional data sets

Digits (0–5) 84.9473.82 83.1373.91 85.1273.77 85.2473

Digits 77.6374.10 73.2774.25 76.3974.01 77.8673

Iris 88.6772.24 77.3372.52 89.2971.72 89.5771

Letter (a–d) 63.3476.76 63.7876.64 62.8976.38 63.6076

Protein 56.5274.41 57.3974.35 56.9174.05 57.4473

Segment 56.5775.56 57.3475.52 57.6975.30 58.0975

Wine 65.2373.63 65.8773.56 66.0473.03 66.3073

Zoo 76.2473.86 80.2073.40 77.6373.14 78.6373

(b) NMI comparison on the low-dimensional data sets

Digits(0–5) 75.3073.26 73.3873.34 75.7173.17 75.8973

Digits 69.6973.80 68.6873.87 69.0473.65 69.2373

Iris 74.1971.71 65.7371.83 75.1671.22 75.2071

Letter(a–d) 50.6375.56 50.7675.50 49.8075.39 50.6475

Protein 42.6674.21 42.7774.13 42.3774.02 43.0073

Segment 54.2474.99 54.2974.94 55.0674.88 55.7874

Wine 52.8873.07 53.3273.01 54.1272.79 54.5472

Zoo 74.1573.63 79.5673.35 74.8872.83 75.6372

Table 4
ACC and NMI results on the high-dimensional data sets (mean7std-dev%).

Dataset PCA LLE PCACL brFCM

(a) ACC comparison on the high-dimensional data sets

ORL 75.0072.40 80.1572.12 75.1272.37 76.237
Yale 72.3171.94 75.5271.71 73.6471.93 74.047
News-Different 77.4172.13 79.3371.95 78.6072.10 80.057
News-Same 41.2773.41 42.6273.32 41.0373.39 42.987
News-Similar 52.2173.50 56.9473.39 52.5473.46 53.617
USPS3568 71.0271.78 69.8472.11 69.4472.03 72.117
USPS 72.0372.50 67.7472.89 72.3972.44 73.207

(b) NMI comparison on the high-dimensional data sets

ORL 83.9571.80 86.3671.66 84.2271.86 84.597
Yale 70.4572.92 71.3573.01 70.5172.91 71.027
News-Different 57.0973.59 56.6273.64 57.2473.59 58.337
News-Same 43.4773.62 43.7173.60 43.0973.55 44.037
News-Similar 44.4073.50 46.8373.29 44.8373.39 45.177
USPS3568 45.0573.42 44.9073.35 44.8673.35 46.207
USPS 63.6872.49 56.3272.88 63.9072.46 64.257
(1)
.64

.98

.84

.41

.87

.05

.12

.09

.15

.60

.25

.27

.94

.82

.80

.74

2.31

1.80

1.86

3.25

3.43

1.58

2.31

1.73

2.70

3.40

3.43

3.41

3.26

2.45
Results on the low-dimensional data sets. Table 3 shows the
clustering results of all the algorithms by the ACC and NMI
measures on the low-dimensional data sets. For simplicity, we
use the same initial inputs for these eight approaches.
Obviously, we can observe that ResKmeans outperforms all
the compared methods on the five data sets: Digits(0–5),
Digits, Protein, Zoo and Letter (a–d). DisKmeans performs best
on Segment and Wine. Similar to LDA-Km, AML performs best
just on one data set. On the whole, the clustering performance
of ResKmeans is slightly better than those of the other seven
clustering methods on the low-dimensional data sets. Inter-
estingly, we see a common phenomenon that all the discri-
minative clustering algorithms including LDA-Km, AML,
DisKmeans and ResKmeans always outperform the non-
discriminant ones such as PCAþK-means and LLEþK-means.
(2)
 Results on the high-dimensional data sets. Table 4 shows
the clustering accuracies of all the approaches on seven high-
dimensional data sets. It is interesting to note that ResKmeans
outperforms all compared methods on five data sets such as
ORL, Yale, News-Different, News-Same and News-Similar.
Also, on the rest data sets, ResKmeans can compare with the
LDA-Km AML DisKmeans ResKmeans

87.0573.05 87.9572.59 86.2472.55 87.9572.32
80.0073.62 79.0973.76 78.1273.81 80.3673.54
98.0070.70 96.0070.96 95.1370.84 96.6770.79

64.5076.11 66.2175.03 65.0275.26 68.9375.45
67.8373.47 61.7473.92 59.1374.36 68.7073.21
72.2875.26 75.9273.59 76.3774.41 73.3974.35

69.6673.20 71.6671.87 72.8372.99 69.6673.15

85.3272.33 84.1673.23 85.1872.44 86.1472.21

78.9072.61 79.2872.24 76.5972.39 78.7272.20

75.0673.22 74.9973.29 70.5273.40 76.7073.14
89.4270.69 86.4270.88 85.2570.81 88.5170.75

50.8675.06 51.2474.47 51.7174.89 52.2374.67
52.7373.22 46.3073.85 44.1774.07 53.3573.09
64.2574.63 68.8173.55 69.5974.20 65.9974.15

61.3072.84 64.7971.98 65.8272.77 62.5972.81

83.5172.07 80.3572.79 81.1072.10 84.0171.95

LDA-Km AML DisKmeans ResKmeans

83.0071.93 80.7572.24 81.2572.02 85.5071.78
76.3671.67 76.2471.62 77.8871.53 81.6471.31
82.6771.25 82.6771.23 83.4371.21 86.5770.95
45.8772.70 44.9072.97 46.6272.89 53.9972.47
59.3873.08 63.1172.65 62.4272.77 65.9772.15
74.2271.29 74.5571.23 76.7871.01 74.1171.36

78.1071.75 76.4772.00 79.1071.68 78.9071.73

88.8771.52 87.3171.54 88.6771.41 89.2371.39
72.6572.54 72.3372.54 75.8372.05 78.0571.81
61.9373.02 61.3673.12 65.8172.84 71.1772.06
46.2173.28 45.3973.35 48.3473.12 56.7372.41
49.5473.27 51.9772.85 50.6272.84 56.6172.55
48.5973.11 48.0573.09 49.2572.86 47.3473.10

67.6872.27 66.2772.29 68.6072.10 68.4572.08



Fig. 2. ACC with various iterations.
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Fig. 3. NMI with various iterations.
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other methods. Thus, ResKmeans is also able to perform well
on the high-dimensional data sets.
From these results, we can make several interesting observa-
tions as follows:
(1)
 ResKmeans achieves the best performance on the ten data set
used in this paper. Moreover, it has comparable performance
with both DisKmeans and LDA-Km on the rest of the fifteen
data sets, such as Segment, Iris, USPS and Wine. Thus,
ResKmeans provides an appealing clustering performance.
(2)
 DisKmeans achieves relatively higher performance than LDA-
Km, although they also apply the hard K-means to cluster the
data in the discriminative subspace, which can be explained
by the fact that DisKmeans makes effective use of the specific
kernel Gram matrix optimized by the LDA criterion [15].
Fig. 4. Comparisons of discriminative algorith
Additionally, in all discriminative clustering algorithms, AML
performs worst on the data sets used here. The reason may be
that the subspace obtained by AML is not necessarily the most
discriminative one. In fact, AML only takes the separability
between different clusters, and ignores the compactness
within the cluster.
(3)
 Although DisKmeans performs considerably worse than
ResKmean, it does not need to iteratively do subspace selec-
tion and clustering as shown in Figs. 2–4. On the other hand,
we see that, except for DisKmeans, several discriminative
algorithms can increasingly improve their clustering perfor-
mances with additional iterations, and converge within about
ten iterations. In contrast, the clustering performance
improvement brought by ResKmeans is substantially more
stable and consistent, across different data sets. This sugg-
ests that ResKmeans is adaptive to both soft clustering and
ms by ACC and NMI measures.
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subspace selection: it takes the feedback from the result of
soft clustering to select the projection, then clusters the data
in the most discriminative subspace until alternating such a
process tends to convergence. Thus, we address issues (1)–(3)
in the beginning of this section.
(4)
 As can be seen, in wherever original and corresponding reduced
spaces, brFCM outperforms PCA, LLE and PCACL in most of the
datasets, which indicates that the results obtained by soft
clustering are better than those of hard clustering indeed.
However, it is also found inferior to LDA-Km, AML, DisKmeans
and ResKmeans, which indicates that the alternating methods
between clustering and dimensionality reduction have relatively
better performance than non-alternating ones such as brFCM
performing in PCA-reduced space.
(5)
 We can observe from Fig. 5 that on Digits data set, the
corresponding performances of all algorithms are almost
unchanged with respect to the dimensions of the data from
9 to 14 (K¼10). In other words, the eight algorithms have
performed best in the 9-dimension space. Similar observation
can be obtained on USPS. Secondly, on Yale, when the
dimension is reduced to 14 for K¼15, both Reskmeans and
LDA-Km have obtained the highest accuracy. Although the
other algorithms do not acquire their best results in the same
subspace, their performances seem also not to be substan-
tially improved as the reduced dimension is increased. For
example, the cluster accuracy of DisKmeans is 0.7788 in the
14-dimension space, while 0.7824 in the 26-dimension space,
their difference is not so significant and at the same time,
through increasing the reduced dimension gradually, its
cluster accuracy still keeps relatively constant. Analogously,
we can obtain similar observation from ORL. On the whole,
Fig. 5. Different number of
we can observe from Fig. 5 that although the subspace with
K-1 dimensions does not guarantee optimal performance of
all algorithms on a few data sets, their effective performances
can still be achieved. Thus, such a performance evaluation on
the above (reduced) subspace is still relatively fair for algo-
rithmic comparison. This may be the reason why literatures
[1,9,14–16,29] projected the data onto the (K-1)-th dimension
subspace for clustering.
4.4. Regularization parameter

As mentioned in Section 3.1, the regularization parameter Z is
introduced to improve the performance of ResKmeans. In the
subsection, we study its effect on the clustering performance of
ResKmeans with the following experiment. In the experiment, we
try a series of different Z values from 10�5 to 101 with multi-
plicity of 10, and obtain their corresponding results as shown in
Fig. 6. We can observe that maximum entropy helps to improve
the performance of ResKmeans. For example, on most of the data
sets, the performance of ResKmeans with Z¼0.01 is significantly
better than that with no regularization (i.e., Z¼0). Furthermore,
we can see that the relatively better results can be obtained when
the Z value lies in {10�4, 10�3, 10�2, 10�1} in most cases.
5. Conclusion

In this paper, we propose a new (entropy) regularized soft
K-means for discriminant analysis (ResKmeans) which combi-
nes subspace selection and clustering into a general framework.
dimensions.



Fig. 6. The performance of ResKmeans with different Z values.
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Specifically, ResKmeans uses regularized soft K-means to cluster the
data on the low-dimensional space to generate the membership
degree of each instance; and then through making effective use of the
memberships, the (soft) within-cluster scatter and (soft) between-
cluster scatter matrices are obtained respectively such that we may
construct generalized linear discriminant analysis (GELDA) which
adaptively selects the most discriminative subspace. ResKmeans
alternately performs the procedure of clustering the data points and
finding the most discriminative subspace using GELDA until the
appropriate cluster assignments are generated. Experimental results
on real-world data sets demonstrated the effectiveness of the
proposed algorithm.
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Appendix

Let Sr
w, Sr

b and Sr
t respectively have the following expressions:
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Proof: We first reduce the within-cluster scatter matrix Sr
w:
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Also, the within-cluster scatter matrix Sr
b can be reduced as

follows:
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According to Eqs. (32) and (33), we have
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This completes the proof.
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