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Abstract. When selecting features for knowledge discovery applications, stability is a highly desired property. By stability of feature selection, here it means
that the feature selection outcomes vary only insignificantly if the respective data
change slightly. Several stable feature selection methods have been proposed, but
only with empirical evaluation of the stability. In this paper, we aim at providing a try to give an analysis for the stability of our ensemble feature weighting
algorithm. As an example, a feature weighting method based on L2-regularized
logistic loss and its ensembles using linear aggregation is introduced. Moreover,
the detailed analysis for uniform stability and rotation invariance of the ensemble
feature weighting method is presented. Additionally, some experiments were conducted using real-world microarray data sets. Results show that the proposed ensemble feature weighting methods preserved stability property while performing
satisfactory classification. In most cases, at least one of them actually provided
better or similar tradeoff between stability and classification when compared with
other methods designed for boosting the stability.

1 Introduction
High dimensional data poses challenges into learning tasks due to the curse of dimensionality. In the presence of many irrelevant features, learning models tend to overfit
and become less comprehensible. Feature selection has been an active area in machine
learning for decades. It is an important and frequently used technique in data mining
for dimension reduction via removing irrelevant and redundant features. Various studies show that features can be removed without performance deterioration [1]. Moreover
feature selection brings the immediate effects of speeding up a data mining algorithm,
enhancing generalization performances and allowing insights into the problem through
the interpretation of the most relevant features [2]. Feature selection has been widely
applied to many research fields such as genomic analysis [3], text mining [4], etc. A feature selection algorithm is usually associated with two important aspects: search strategy and evaluation criterion. Algorithms designed with different strategies broadly fall
into three categories: filter, wrapper and embedded models [5]. Alternatively, according
to the outcomes, feature selection algorithms can be divided into either feature weighting (ranking) algorithms or subset selection algorithms. A comprehensive surveys of
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existing feature selection techniques and a general framework for their unification can
be found in [2, 5–7].
Various feature selection algorithms have been developed with a focus on improving
classification accuracy while reducing dimensionality [2, 5, 6]. Besides high accuracy,
another important issue is stability of feature selection - the insensitivity of the result
of a feature selection algorithm to variations of the training set [8–10]. This issue is
particularly critical for applications where feature selection is used as a knowledge discovery tool for identifying characteristic markers to explain the observed phenomena.
For example, in microarray analysis, biologists are interested in finding a small number
of features (genes or proteins) that explain the mechanisms driving different behaviors
of microarray samples. A feature selection algorithm often selects largely different subsets of features under variations to the training data, although most of these subsets
are as good as each other in terms of classification performance [10]. Such instability
dampens the confidence of domain experts when experimentally validating the selected
features. More concrete example, in analyzing cancer biomarkers such as leukemia, the
available data sets usually are high dimensional yet with small sample size. Among the
thousands of genetic expression levels, a critical subset is to be discovered that links to
two leukemia labels. It is therefore necessary that the selected predictive genes are common to variations of training samples. Otherwise the results will lead to less confident
diagnosis. Stable feature selection has been demonstrated in biomarker identification
via empirical process [11, 12]. Moreover, stability is desirable in algorithm designing
since it is believed to lead to good generalization ability [13, 14].
For the stable feature selection methods, ensemble technique is among the most powerful to improve the stability of feature selection [8, 10, 15, 16]. Similar to the case
of supervised learning, the general idea is to repeat the feature selection process on
many randomly perturbed training sets (e.g., by bootstrapping the samples in the original training set), and aggregate the outputs in this procedure. Indeed, in large feature/
small sample size domains it is often reported that several different feature subsets may
yield equally optimal results [17], and ensemble feature selection may reduce the risk
of choosing an unstable subset. Furthermore, different feature selection algorithms may
yield feature subsets that can be considered local optima in the feature subsets, and
ensemble feature selection might give a better approximation to the optimal subset or
ranking of features. Finally, the representational power of a particular feature selector
might constrain its search space such that optimal subsets cannot be reached. Ensemble
feature selection could help in alleviating this problem by aggregating the outputs of
several feature selectors [8].
However, the existing stable feature selection algorithms are always short of one
important aspect, that is a theoretic stability analysis of the selection algorithm. It is
imperative to go beyond simple and empirical evaluation. Therefore in this study, as
an example, a special feature weighting algorithm is introduced, which is based on
L2-regularized logistic regression loss for describing the local data structure. And its
ensemble version using linear aggregation strategy is also proposed. Moreover, the
proof for the stability of ensemble feature weighting about small changes (changing
or removal of one sample) of data set is also presented based on uniform stability.
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The introduced feature weighting algorithm is under embedded model and outputs a
feature weights (measuring features’ relevance) vector.
The paper is organized as follows, a feature weighting algorithm based on L2regularized logistic loss and its ensemble version is introduced in section 2. Section
3 provides the proof for stability of ensemble feature weighting. The experimental results are shown in section 4, the paper ends with conclusion in section 5.

2 Ensemble Feature Weighting
To train a ensemble model for feature weighting, we are given a training sample set D,
which contains n samples, D = {X, Y } = {xi , yi }ni=1 , where xi is the input for the i-th
training sample, and yi is the label, and each sample is represented by a d-dimensional
vector xi = (xi1 , xi2 , · · · , xid ) ∈ Rd .
2.1 Feature Weighting Algorithm
In general, in order to achieve good generalization, the nearest neighbors with the same
label to a sample (i.e., target samples) always should be closer to the sample, while
other samples from different classes are separated by a large margin. Based on local
learning, for sample xi , it should be close to the nearest target sample (i.e., nearest hit
sample N H(xi )) and away from the nearest neighbor sample with different class label
(i.e., near miss sample N M (xi )). For the purposes of this paper, we use the Manhattan
distance to define the nearest neighbors and their closeness, while other standard definitions may also be used. The logistic regression loss is adopted to model the fit of data
for its simplicity and effectiveness. To prevent from overfitting and improve the robustness of feature weighting, the L2-regularization is used for its rotational invariance [1]
and strong stability property [18]. Thus, the evaluation criterion for feature weighting
is defined as follows,
1
log(1 + exp(−wT zi )) + γ.||w||2
n i=1
n

LD (w) =

(1)

where γ is the cost parameter balancing the importance of the two terms, T is the
transpose, w is the feature weight vector, zi = |xi − N M (xi )| − |xi − N H(xi )| and
|.| is an element-wise absolute operator. The zi can be considered as the mapping point
of xi [9].
In the Eqn. (1), wT zi is the local margin for xi , which belongs to hypothesis margin [19] and an intuitive interpretation of this margin is a measure of the proportion
of the features in xi that can be corrupted by noise (or how much xi can move in the
feature space) before being misclassified [20]. By the large margin theory [21], a classifier that minimizes a margin-based error function usually generalizes well on unseen
test data. Then one natural idea is to scale each feature, and thus obtain a weighted
feature space parameterized by a vector w, so that a margin-based error function in the
induced feature space is minimized. In the end, feature selection aims to find the target
model w, which minimizes the loss function in Eqn.(1) through gradient descent-based
techniques.
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2.2 Weight-Based Ensemble Feature Weighting
Similar to the ensemble models for supervised learning, there are two essential steps
in ensemble feature selection. The first step involves creating a set of different base
feature selectors, each provides its output, while the second step aggregates the results
of all feature selectors [8]. We adopt a subsampling based strategy and linear aggregation. Then m subsamples of size αn(0 < α < 1) are drawn randomly from D, where
the parameters m and α can be varied. Subsequently, feature weighting is performed
on each of the m subsamples. Therefore, we obtain feature weighting results ensemble
En = {w1 , w2 , · · · , wm }, where wt (t = 1, 2, · · · , m) represents the outcome of the
t-th base feature selector trained on t-th subsample. Specifically, in our case, each feaweighting vector. And we obtain
ture selection result wt (t = 1, 2, · · · , m) is a feature 
m
1
the final ensemble feature weighting result we = m
t=1 wt , where wt ∈ En. This
ensemble method belongs to weight-based ensemble model (WEn).
The proposed ensemble feature weighting is also corresponding to the recognition
that when estimating an unknown function from data, one needs to find a tradeoff between bias and variance [13]. Indeed, besides the regularization, another idea is to use
statistical procedures to reduce the variance without altering the bias and lead to high
stability. One such technique is the bagging approach [22], which consists in averaging
several estimators built from random subsamples of the data.

3 Stability Analysis
Now, we will firstly show the rotation invariance for our proposed feature weighting
algorithm. Based on the Proposition 4.2 in [1], let H be a rotational matrix {H ∈
Rd×d , H T H = HH T = I, |H| = 1}, then Hx is x rotated through some angle around
the origin. It is evident that loss function
n LD (w) is rotational invariance with respect
to H. In other words, LD (w) = n1 i=1 log(1 + exp(−(Hw)T (Hzi ))) + γ.||Hw||2 ,
and Hzi = H(|xi − N M (xi )| − |xi − N H(xi )|) = |Hxi − H.N M (xi )| − |Hxi −
H.N H(xi )|, which means the proposed feature weighting algorithm is rotational invariance for sample xi . The linear aggregation strategy is employed, then intuitively the
ensemble feature weighting is also rotational invariance.
3.1 Uniform Stability Definition
On the other hand, a stable algorithm is one whose output does not change significantly
with small changes in the input. The stability of classification, regression and sample
ranking has been deeply analyzed [13, 14, 23], however, the stability of feature selection
has not been explicitly introduced in theory. Similarly, we also consider changes to such
a sample that consist of replacing a single example in the sequence with a new example
or the exclusion of the sample. For a given training set D of size n, we will denote
D\i as the training set obtained by removing point (xi , yi ) for all i ∈ {1, · · · , n}. And
we denote by Di the training set obtained by changing one point (xi , yi ) into (xi , yi ),
which is assumed to be independent from D.
Definition 1. (Uniform weighting stability) For a feature selection algorithm A
whose outputs on data set D and D\i are weight vectors denoted by wD and wD\i ,
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respectively. Algorithm A has uniform weighting stability β (β ≥ 0) if for all D and
any i ∈ {1, · · · , n}, we have
||wD − wD\i || ≤ β.
A smaller value of β corresponds to greater weighting stability. More formally, point
(xi , yi ) is replaced by the empty set which we assume the learning method treats as
having this point simply removed, and the Di can be regarded as one data set is firstly
replaced by the empty set and then the empty set is replaced by point (xi , yi ). So an
feature weighting algorithm with uniform stability β has also the following property:
For all D and i ∈ {1, · · · , n}, ||wD − wDi || ≤ ||wD − wD\i || + ||wDi − wD\i || ≤ 2β.
In other words, stability with respect to the exclusion of one point implies stability
with respect to changes of one point. Then we only focus on stability analysis for the
exclusion case in the follows.
3.2 Stability for Ensemble Feature Weighting
For ensemble, bootstrap strategy is used to train the same feature weighting algorithm
on a number m of different bootstrap sets of a training set D and by averaging the
obtained solutions. We denote these bootstrap sets by D(rt ) for t = 1, · · · , m, where
the rt ∈ R = {1, · · · , n}p (p < n) are instances of a random variable corresponding to
sampling without replacement of p elements from the training set D. And R is a space
containing elements r that model the randomization of the subsampling. We will use
the shorthand wD(rt ) to denote the outcome of the feature weighting algorithm applied
m
1
on the t-th bootstrap training set D(rt ). And the ensemble result is m
t=1 wD(rt ) .
The uniform weighting stability of ensemble feature weighting is defined as follows:
For all D and i ∈ {1, · · · , n}.
1 
1 
wD(rt ) −
w \i ||]
m t=1
m t=1 D (rt )
m

βe = Er1 ,··· ,rm [||

m

where E is the expectation and r1 , · · · , rm are i.i.d. random variables modeling the
random sampling and having the same distribution as r. Then
1 
Er [||wD(rt ) − wD\i (rt ) ||]
m t=1 t
m

βe ≤

= Er [||wD(r) − wD\i (r) ||] = Er [||  wD(r) ||]
The stability for the removal of xi (i ∈ {1, 2, · · · , n}) case is considered, then the
random sampling containing sample xi should be determined.
/ r))]
βe ≤ Er [||  wD(r) ||(I(i ∈ r) + I(i ∈
= Er [||  wD(r) ||I(i ∈ r)] + Er [||  wD(r) ||I(i ∈
/ r)]
= Er [||  wD(r) ||I(i ∈ r)]
where I(.) is indicator function. Note that the second part of the last second equation is
equal to zero because when i is not in r, which means point xi does not belong to D(r)
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and, thus, D(r) = D\i (r). The size of subsample D(r) is p, then Er (I(i ∈ r)) = np
because this subsampling is done without replacement,
p
βe ≤ ||  wD(r) ||
n
where ||  wD(r) )|| is the uniform stability of base feature weighting on bootstrap
set D(r) that contains sample xi , and wD(r) = wD(r) − wD\i (r) where wD(r) and
wD\i (r) is the minimizer for the convex objective function LD(r) (w) and LD\i (r) (w)
respectively. According to Eqn.(1), these objective functions are defined as follows,
1
LD(r) (w) =
log(1 + exp(−wT zj )) + γ.||w||2
p j=1
p

LD\i (r) (w) =

1
p

p


log(1 + exp(−wT zj )) + γ.||w||2

j=1,j=i

Due to the convexity of the objective functions, for any a ∈ [0, 1], we get
LD(r) (wD(r) ) − LD(r) (wD(r) − a  wD(r) ) ≤ 0
LD\i (r) (wD\i (r) ) − LD\i (r) (wD\i (r) + a  wD(r) ) ≤ 0
So summing the two equations above, we get that
1
p

p


T
log(1 + exp(−wD(r)
zj )) +

j=1,j=i

−

1
p

p


1
T
log(1 + exp(−wD(r)
zi ))
p

log(1 + exp(−(wD(r) − a  wD(r) )T zj ))

j=1,j=i

1
− log(1 + exp(−(wD(r) − a  wD(r) )T zi ))
p
p
1 
T
+
log(1 + exp(−wD
\i (r) zj ))
p
−

1
p

j=1,j=i
p


log(1 + exp(−(wD\i (r) + a  wD(r) )T zj ))

j=1,j=i

+ γ.||wD(r) ||2 − γ.||wD(r) − a  wD(r) ||2
+ γ.||wD\i (r) ||2 − γ.||wD\i (r) + a  wD(r) ||2
≤0
Since logistic loss is the convex function, then by Jensen’s inequality,
log(1 + exp(−(wD(r) − a  wD(r) )T zj )
T
T
zj + awD
= log(1 + exp(−((1 − a)wD(r)
\i (r) zj ))
T
zj ))
≤ log(1 + exp(−wD(r)
T
T
− a(log(1 + exp(−wD(r)
zj )) − log(1 + exp(−wD
\i (r) zj )))

(2)
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Similarly, we also can get
log(1 + exp(−(wD\i (r) + a  wD(r) )T zj ))
T
≤ log(1 + exp(−wD
\i (r) zj )
T
T
zj )) − log(1 + exp(−wD
+ a(log(1 + exp(−wD(r)
\i (r) zj )))

The two equations above are plugged into (2), then
||wD(r) ||2 − ||wD(r) − a  wD(r) ||2 − ||wD\i (r) + a  wD(r) ||2 + ||wD\i (r) ||2
a
T
T
(log(1 + exp(−wD
≤
\i (r) zi )) − log(1 + exp(−wD(r) zi )))
pγ
a
T
|  wD(r)
≤
zi |
pγ
and the last line above is gotten because it is proved in [24] that the logistic loss function
is a Lipschitz function with Lipschitz constant 1. If we set a = 1/2, the left side of
previous equation approximately amounts to
1
||wD(r) ||2 + ||wD\i (r) ||2 − ||wD(r) + wD\i (r) ||2
2
1
1
1
2
T
= ||wD(r) || + ||wD\i (r) ||2 − wD(r)
wD\i (r) = ||  wD(r) ||2
2
2
2
Thus,
||  wD(r) ||2 ≤

1
T
|  wD(r)
zi |
pγ

and based on Cauchy-Schwarz inequality
T
|  wD(r)
zi | ≤ ||  wD(r) ||||zi ||

Then combine the two equations above and the samples are normalized, it can be shown
||zi || ≤ 2, we obtain the stability for our base feature weighting.
||wD(r) − wD\i (r) || = ||  wD(r) || ≤

2
pγ

and the uniform stability for ensemble feature weighting is
βe ≤

2
nγ

3.3 Remarks and Discussions
The analysis results show that a larger regularization parameter γ leads to better stability. And the ensemble feature weighting owns better stability bounds than base feature
1
,
weighting. The ensemble algorithm has a uniform stability bound goes to zero as nγ
and it is stable because of the wide acceptance that the algorithms have a uniform stability bound that decreases as O( n1 ), and are hence stable [13, 14, 23, 18]. To our best
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knowledge, this work provides the first uniform stability-style analysis on the stability of feature selection. Although in [2], the analysis for robustness of spectral feature selection against noise is presented, and in [9], the experimental results also show
the variance reduction leads to stable feature selection. It is obvious that our work is
significantly different because formal stability notion is considered explicitly, and we
mainly focus on sampling randomness instead of noise, and we thus are interested in
how changes to the training data influence the result of feature weighting algorithm.
Moreover, the L2-norm is used as stability metric in the paper, this is only for ease
of presentation. Other norm can be adopted, such as L∞-norm, which is employed
to measure the uniform stability of classification and regression algorithm [13, 14].
Certainly, the proof for the stability also makes sense because of L∞ − norm ≤ L2 −
norm in most cases. And it should be noted that the stability bound is loose, and we
only like to prove that the proposed ensemble feature weighting algorithm is stable
because its stability scales like n1 .
Finally, it is evident the theoretical analysis results still hold true for other ensemble
feature weighting algorithms where base feature weighting algorithm is based on L2regularized convex Lipschitz loss functions and linear aggregation strategy is employed.

4 Experiments
In order to validate the performance of our ensemble algorithm, the experiments are
conducted on several real-world data sets to show its stability and classification power.
The data sets consist of small samples with high dimension, medium samples and
large samples with low dimension. The chosen data sets are Sonar, Arcene, Musk,
Ionosphere, which are taken from UCI ML repository [25], and Colon cancer diagnosis data set is introduced in [26] and Lung cancer is introduced in [27]. Colon,
Arcene and Lung owns small samples (62,200,203) with extremely high dimensionality (2000,10000,12600). The small sample problem is one of the most challenging
problem for feature selection, particularly on its output stability.
Note that feature weighting is almost never directly used to measure the stability of
feature selection, and instead converted to a ranking based on the weights [8]. Because
the feature weights are always changed to feature ranks, then another ensemble strategy should be considered: instead of the feature weights linear combination, the feature
weight vectors outputted from the m subsamples are firstly changed to feature rank vectors (Noting that the ranking value for a feature is set as follows: The best feature with
the largest weight is assigned rank 1, and the worst one rank d), then linear combination
of these feature rank vectors is adopted to obtain the ensemble ranking results as in [8].
And we call this ensemble strategy as rank-based ensemble(REn). Other chosen stable
feature weighting algorithms for comparison are ensemble Relief (En-Relief) [8] and
newly proposed stable feature selection strategy based on variance reduction, which is
to assign different weights to different samples based on margin, and then to obtain high
stability for feature selection [9]. We combine the sample weighting strategy with the
newly proposed feature weighting algorithm-Lmba [28] and named as VR-Lmba.
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4.1 Experimental Results for Stability
To measure the stability of feature weighting algorithms, we also adopt a subsampling
based strategy-bootstrap without replacement. For a data set, 10 subsamples containing
90% of the data are randomly drawn without replacement. This percentage was chosen
as in [8] to assess robustness with respect to relatively small changes in the data set. Of
course, the sampling rate and the number of subsamples can be varied. Subsequently,
the proposed ensemble algorithms (WEn and REn) with α = 0.9 and γ = 1, En-Relief
and VR-Lmba is performed on each subsample, which is considered as the data set D
described in section 2, and output a feature rank vector (if the output is a feature weight
vector, it should be changed to feature rank vector). Then the similarity between feature ranking result pairs is calculated using Spearman rank correlation coefficient [8],
and the stability is the average similarity over all pairwise similarity between the different feature ranking results [8]. The stability of these feature weighting algorithms for
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different data sets is shown in Fig.1. The X-axis is the number of base feature selectors
m. Note that VR-Lmba is not a ensemble method, then its stability does not change
along with m.
4.2 Balance between Stability and Classification
Besides the stability, classification performance is another important issues for feature
selection. In order to validate the tradeoff between the stability and classification accuracy, a F-Measure is employed, which is defined as 2×stability×accuracy
stability+accuracy [8]. In this part
of experiments, the number of base selectors for ensemble feature weighting is constant
and set as 20 for all ensemble algorithms, i.e., m = 20. 10-cross validation is used
and the linear SVM with C=1 and 3-nearest neighbors(3NN) classifier is adopted. The
experimental results are shown in Fig. 2 and 3 corresponding to 3NN and SVM. For
space constraints, only the experimental results of two data sets for each classifier are
shown in the figures.
4.3 Observations and Discussions
From the results, we can observe that the stability value of rank-based ensemble-REn is
the highest among all stable feature weighting algorithms, and weight-based ensembleWEn always gets higher or similar stability to En-Relief and VR-Lmba. In addition,
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at least one of our proposed ensemble methods (REn or WEn) always obtain higher or
similar balance between the stability and classification accuracy to other stable ones.
For the higher stability of rank-based ensemble-REn than weight-based ensembleWEn, this can be explained intuitively by the fact that the stability is measured based
on the feature ranks. Consider the scenarios if the feature weights produced by base
feature weighting algorithm change due to the data variation, however, their ranks may
not change, which leads to higher stability for rank-based ensemble than weight-based
ensemble. Of course, if the feature weights do not change, then the feature ranks surely
stable. Thus it means that the stable weight-based ensemble leads to stable rank-based
ensemble, then the theoretic analysis of stability for weight-based ensemble hold true
for the rank-based ensemble. And the above analysis also give some reasons for the
high efficiency of En-Relief, which also belongs to rank-based ensemble model.

5 Conclusion
The stability of feature selection is attracted much attention. Our major contribution is
presenting the theoretical analysis for the uniform stability of ensemble feature weighting algorithm. In the paper, as an example, a logistic loss-based feature weighting algorithm via L2-regularization is introduced. And its weight-based ensemble versionWEn is presented and is formally analyzed on the stability. The experimental results
on some real-world data sets including microarray data (small sample size problem)
have also shown the proposed ensemble feature weighting algorithms (weight-based
ensemble-WEn or rank-based ensemble-REn) get higher stability and better or comparable tradeoff between classification and stability to other stable algorithms in most
cases. In our analysis, the linear combination is adopted in ensemble feature weighting,
other combination scheme is our future work.
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