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Abstract
Multi-task learning (MTL) has been proved to improve performance of individual tasks by learning multiple related tasks together. Recently Nonparametric
Bayesian Gaussian Process (GP) models have also been adapted to MTL and
exhibit enough flexibility due to its non-parametric nature, thus can exempt
from the assumption about the probability distributions of variables. To date,
there have had two approaches proposed to implement GP-based MTL, i.e.,
cross-covariance-based and joint feature learning methods. Although successfully applied in scenarios such as face verification and collaborative filtering, these
methods have their own drawbacks, for example, the cross-covariance-based
method suffers from poor scalability because of the large covariance matrix involved; while the joint feature learning method can just implicitly incorporate
relation between tasks, thus leading to a failure in explicitly exploiting the prior
knowledge like correlation between tasks, which is crucial for further promoting
MTLs. To address both issues, in this paper, we establish a two layer unified
framework called Hierarchical Gaussian Process Multi-task Learning (HGPMT)
method to jointly learn the latent shared features among tasks and a multi-task
model. Furthermore, since the HGPMT does not need to involve the crosscovariance, its computational complexity is much lower. Finally, experimental
results on both toy multi-task regression dataset and real datasets demonstrate
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its superiority in performance of multi-task learning to recently proposed approaches.
Keywords: GP-LVM, multi-task learning, feature learning, hierarchical model

1. Introduction
Multi-task learning (MTL) [1, 2, 3] is one of the main machine learning
paradigms and can promote the improvement of model generalization performance by learning multiple related tasks together, especially for small number
5

of samples in each task [4, 5]. In MTL, sharing information among related tasks
plays a crucial role and ensures that individual tasks can learn complementary
knowledge to achieve the improvement of their own performance. To date, many
methods for information sharing have been proposed and can roughly be divided into four categories: structure-sharing based [6, 7, 8], regularization-based
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[9, 10, 11], task clustering based [4, 12, 13, 14] and multi-task feature learning
based [3, 5, 15, 16, 17, 18]. Structure-sharing based methods assume that related tasks can be learned jointly by sharing certain hidden structures. These
methods are well suited for multi-task learning since the structures learned from
one task may be useful for other tasks [6]. Regularization-based methods, which
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use certain regularizers to enforce the model parameters of each task to be close,
can also be considered as sharing information among task-specific parameters.
Task clustering based methods try to encode the task correlation knowledge of
the task structure into the modeling or learn this knowledge directly from data
[14]. Thus, regularization-based methods can be used to enforce the parameters
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of dependent tasks to be as close to each other as possible. Multi-task feature
learning (or selection) based method is also a widely used information sharing strategy which learns a set of shared features among related tasks. These features
can be a subset of the original input features from feature selection [15, 16, 17]
or newly formed features via feature transformation or learning [3, 5].
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In their practical implementation, the above four methods can accommodate various base learners such as linear model [2], neural network [6], support

2

vector machine [9], Gaussian Process [14] and so on, according to the specific application scenarios. Among these base learners, Gaussian Process (GP)
[19], as a flexible non-parametric method, has been shown to provide state30

of-the-art performance in supervised learning task [20, 21] and widely used in
many applications such as computer vision [22], recommendation system[23],
geostatistics[24] and so on. Being a kernel based method, GP can effectively
carry out non-linear learning with specific non-linear kernels. In addition to being highly accurate, it can also give an estimation of the prediction uncertainty
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which provides more information for the follow-up tasks [25]. Thus the MTL
methods [14, 17, 26, 27] that adopt GPs as base learners both naturally inherit
these properties and promote the performance of MTL. These GP-based MTL
methods mainly involve the multi-task feature learning based [17, 26] and task
clustering based methods (or cross-covariance-based methods) [14, 27]. How-
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ever, there still exist some real-world problems that restrict their applicability.
For example, in some application scenarios where some information (such as
task-descriptor features, tasks similarities) about the explicit correlation among
dependent tasks is available, the multi-task feature learning based methods can
not explicitly exploit the information by just implicitly incorporating correlation
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among tasks, leading to a suboptimal solution. In other MTL application scenarios where there are a large number of dependent tasks, the clustering based
GP methods will suffer from poor scalability because of the computation of
large covariance matrix with the size dependent on the number of tasks and the
number of the samples[28]. Although using a low-rank approximation for the
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task covariance matrix can improve scalability, the resulting expressive power
may be impaired.
To address the problems described above, in this paper, we construct a two
layer hierarchical gaussian process (HGPMT) consisting of two gaussian (sub-)
processes. HGPMT jointly learns the latent shared features among tasks while
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explicitly utilizes the task relation information to improve the MTL performance. Specifically, the first layer i.e., a gaussian subprocess, of the HGPMT is
shared among all dependent tasks and used to capture the shared features. Us3

ing this structure, our HGPMT can fuse the information from dependent tasks
and learn more representative features for the follow-up learning process. Then,
60

the outputs of the first layer subprocess are transferred into the second layer
one (corresponding to an output layer) to predict the target values of individual
tasks. In this output layer, each node associates with an individual task with
private parameters. Based on this hierarchical structure, we can embed explicit
correlation prior among tasks by regularizing the parameters of the second layer.
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Furthermore, throughout the entire learning procedure, we need not construct and compute the cross-covariance matrix involved in corss-covariance-based
methods. Thus, the computation complexity of HGPMT is much lower than
the methods in [14, 27]. Finally we demonstrate the performance of HGPMT
by comparing it with other related GP-based MTL methods on both synthetic
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and real-world datasets.

2. Related work
In this section, we give an introduction to the Gaussian Process Regression
(GPR) [19] and Gaussian Process Latent Variable Model (GPLVM) [29] which
are used in our MTL method. We also review the main existing MTL methods
75

based on GP and discuss their disadvantages for specific applications.
2.1. GPR and GPLVM
GP models a finite set of random function variables f = [f (x1 ), ..., f (xN )]T
as a joint gaussian distribution with mean vector µ and covariance matrix K,
if the function f has a GP prior, f ∼ GP(µ, K), where in many cases we can
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specify a zero mean (µ = 0) and a kernel matrix K (with hyper-parameter
γ) as covariance matrix. Given a training dataset {(xn , yn )}N
n=1 of N training samples, where xn ∈ RD and yn ∈ R denote nth input variable and the
corresponding continuous response variable respectively, our goal is to predict
the response y ∗ of a new input x∗ based on this training dataset. In GPR,

85

we model the response variable yn as a noise-version of function value f (xn ),

4

yn ∼ N (f (xn ), σ 2 ), where the distribution of noise n is gaussian N (0, σ 2 ) with
variance σ 2 . From the above definition, we can know that the joint probability
of the response variables and latent function variables is p(y, f ) = p(y|f )p(f ).
Thus, using bayesian theorem, we can obtain the distribution of the latent func90

tion value f ∗ is a gaussian distribution with mean µ(x∗ ) and variance var(x∗ ):
µ(x∗ ) = kx∗ X (KXX + σ 2 I)−1 y

(1)

var(x∗ ) = kx∗ x∗ − kx∗ X (KXX + σ 2 I)−1 kXx∗
where kx∗ X denotes the covariance between x∗ and the N training samples
T
(kx∗ X = kXx
∗ ), KXX denotes the covariance matrix of the N training samples.

Besides been widely used in regression, GP can also be applied in the non95

linear dimensionality reduction models which are called Gaussian Process Latent
Variable Model (GPLVM) [29, 21, 30]. It assumes that we have a observed
data matrix Y ∈ RN ×D where N and D are the number and dimensionality
of samples, respectively. As a generative model, GP-LVM assumes that the
observed data is generated from a set of low dimensional variables X ∈ RN ×Q
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(Q  D). The generation process of the ynd is ynd = fd (xn ) + nd , where ynd
is the dth dimension of the nth sample. nd is the noise with gaussian prior
nd ∼ N (0, σ 2 ). fd is a nonlinear function with GP prior fd ∼ GP(0, K). Thus,
we can get the marginal likelihood p(Y |X, θ) by using bayesian theorem and
integrating out fd ,
p(Y |X, θ) =

D
Y
d=1

105

1

1

1
2

(2π) |K +

1
σ 2 I| 2

T

e− 2 y:,d (K+σ

2

I)−1 y:,d

(2)

where θ denotes the hyper-parameters of kernel function and noise. y:,d denotes
the dth column of matrix Y . The goal of GP-LVM is to learn a low dimensional
representation X of high dimensional data Y . Thus, we can maximize the
marginal likelihood with respect to X and the hyper-parameter θ to find the
optimal value X̂ and θ̂, as shown in eq.(3).
{X̂, θ̂} = arg max p(Y |X, θ)
X,θ

5

(3)
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2.2. Gaussian Process for Multi-task Learning
GP provides a flexible method for the bayesian nonparametric inference of
nonlinear latent functions and has been shown to generalize well when the training data is limited [31]. It also has been used in building multi-task learning
models and verified its superiority in application such as physiological time-
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series analysis [32], facial expression recognition [33], emotion recognition [34]
and so on. A typical implementation of GP-based MTL is by forcing the hyperparameters of multiple GPs to be the same [35] or to have the same prior [36], in
this way, achieving the purpose of multi-task joint learning. However, this kind
of method [35, 36] often fails to capture the relation among dependent tasks due
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to its relative inflexibility [37].
Another important class of GP-based MTL method is joint feature learning based approach [17, 26] which assumes that correlation among tasks can
be constructed by learning a set of shared features. For example, in [17], a
GP-based MTL method is proposed by using an ARD kernel function [38] for
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multi-task joint feature learning and taking into account the issue of shared
hyper-parameters in [35]. It allows each task to have its own set of ARD
hyper-parameters and share the sparsity patterns over the task specific hyperparameters. In [26], a multi-kernel GP method is proposed and can also be
considered as a joint feature learning method with task-specific weights. In
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addition, this method has a strong relationship with generalized linear models,
sparse factor analysis and matrix factorization, thus can be applied in dictionary learning and collaborative filtering. While these joint feature learning
methods have obtained convincing results, they can just implicitly incorporate
relation between tasks, thus leading to a failure in explicitly exploiting the prior
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knowledge like correlation between tasks, which is crucial for further promoting
MTLs.
In addition to the above GP-based MTL methods, researchers also explored
the cross-covariance-based MTL methods [14, 27], in which the covariance matrix is constructed across all samples and task pairs. Specifically, in [14], the
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covariance matrix of multi-task GP is modeled as K = K f ⊗ K x , where ⊗
6

denotes the Kronecker product, K f is a positive semi-definite (PSD) matrix
that specifies the inter-task similarities, K x is a covariance function over inputf
s, Klk
= k f (tl , tk ) the measurement of correlations between the lth and the k th

task. Specifically, if task-descriptor feature t is known, we can utilize this prior
145

information to calculate the inter-task similarity matrix directly. Furthermore,
we can also infer K f from data by defining it as a “free form” parameter being
optimised. By incorporating the asymmetric dependency structures, Leen et al.
[27] proposed a focused Gaussian Process model which introduces an “explaining
away” model for each of the additional tasks to model their unrelated variation.
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Although these cross-covariance-based methods can utilize prior information of
task similarities, they have been limited in applications by the computation
burden [28]. We can highlight this drawback by the following prediction for a
new sample x∗ ,
fl (x∗ ) = (klf ⊗ k∗x )T Σ−1 y,

Σ = Kf ⊗ Kx + D ⊗ I

(4)

where klf is the lth column of K f , k∗x is the vector covariances between the
155

test point x∗ and the training points, D is a M × M diagonal matrix whose
(l, l)th element is σl2 . As we can see from Eq.(4), inverting the M N × M N
matrix in cross-covariance-based methods is quite time-consuming. Although
some scalable optimization methods have been adopted, their loss in prediction
accuracy is unavoidable [28].
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In next section, we attempt to address the above problems by introducing a
two layer hierarchical GP MTL method that combines the capabilities of nonlinear feature learning and GP-based MTL method. This method enjoys two
advantages: firstly, instead of learning MTL model on the original features, it
uses the first layer gaussian subprocess to fuse the multiple task information and
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obtain more representative features. Secondly, it uses the second layer gaussian
subprocess to construct the MTL model with a set of task-specific parameters.
Thus, explicit correlation prior of dependent tasks can be utilized by using
regularization based methods on these parameters.

7

3. The Proposed Method
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3.1. Model Definition
In the multi-task learning scenarios, we assume that there are N training
samples X = [x1 , ..., xN ]T , where xn ∈ RD denotes the nth input variable.
The outputs of the T tasks are denoted by matrix Y = [y1 , ..., yN ]T , where
yn ∈ RT denotes the T tasks outputs that corresponded to the nth input. In
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many cases, matrix Y can be incomplete, meaning that for an input sample, we
do not observe all the target values of the dependent tasks. The goal of MTL is
to predict the target values of a new input sample based on the training dataset.
In this paper, we combine the feature learning and multi-task learning into
a unified framework. The detailed generation processes of observed variables
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X and Y are shown in Eqs.(5) and (6). In this process, we construct the
connection between feature learning and multi-task learning by using GPLVM.
Specifically, we assume both X and Y are generated by a set of shared latent
variables Z = [z1 , ..., zN ], where zn ∈ RL is the latent variable corresponding to
both the nth input xn and output yn . The complete generation process mainly

185

contains two parts: the generation of X and the generation of Y .
The generation of X. In this paper, we use GPLVM to model the generation
process of input variables X. Following the definition of GPLVM, we assume
the dth dimension of the input xn is obtained by summing a non-linear function
ψd (zn ) and a gaussian noise τnd , where τnd ∼ N (0, 2 ). Similar to the GPLVM,
we assume that each non-linear function ψd has an identical GP prior ψd ∼
GP(µ0 , K0 ).
ψd ∼ GP(µ, K0 ),

d = 1, ..., D

xnd ∼ N (ψd (zn ), 2 ),

n = 1, ..., N

(5a)
(5b)

With this approach, our method projects the data from their original spaces
into a shared feature space, which can learn more representative features for the
information fusion of dependent tasks. This kind of technique has been widely

8

used in many learning methods [8, 39, 40], which learns a set of feature vectors in
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a shared feature space across tasks or views for the further exploration. However,
to the best of our knowledge, this is the first work that uses GPLVM for the
multi-task feature learning. The excellent non-linear feature learning capability
of GPLVM enables our method to learn better features for multi-tasks prediction
as confirmed in the experimental section below.
The generation of Y . From the above definition, we have constructed a
shared feature learning structure. However, in supervised learning scenarios, a
further challenge is how to improve the discriminative capabilities of the learned
features for specific tasks. Accordingly, we pay more attention to the learning
and selection of more discriminative features for multi-task fusion. Specifically,
as show in Eq.(6), we define each output ynt as the sum of a latent function
ft (zn ) and a gaussian noise υnt , where ft denotes the latent function associated
with the tth task and υnt ∼ N (0, σt2 ). In the conventional GPLVM, the latent
functions ft (t = 1, ..., T ) are integrated out to take the full baysian inference
of the latent variables X. However, in order to achieve supervised learning and
multi-task information fusion, we assume that there exist M intermediate latent
th
functions (or variables) {φm }M
(t = 1, ..., T )
m=1 and accordingly, define the t

latent function ft to be the weighted sum of the M nonlinear latent functions
M
{φm }M
m=1 with the weight vector wt ∈ R . Thus, we can jointly learn the

T latent functions {ft }Tt=1 of dependent tasks by make they share a set of
intermediate latent function {φm }M
m=1 . Next following the idea of GPLVM,
we impose a GP prior on the latent function φm ∼ GP(µm , Km ) to derive a
bayesian inference of the method.
φm ∼ GP(µm , Km ),
ft =

M
X

wtm φm ,

m = 1, ..., M
t = 1, ..., T

(6a)
(6b)

m=1

ynt ∼ N (ynt |ft (xn ), σt2 ),
195

n = 1, ..., N

(6c)

Through such a set of weight parameter W = [w1 , ..., wT ]T and interme9

diate latent functions {φm }M
m=1 , we can effectively carry out MTL by learning
these parameters and the latent features simultaneously. Furthermore, although
we do not seek a deeper exploration on the dependence structure of the dependent tasks in this paper, some special regularization terms based on the priori
200

information can also be imposed on W . Objectively speaking, the generation
process of Y in our method is similar to multi-task multi-kernel learning method
(MTMKL) in [26]. However, compared with the MTMKL which does not contain the learning of representative new features, HGPMT can jointly learns
discriminative features and MTL prediction model, thus resulting in better pre-
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diction as shown in our experimental results.
3.2. Model Learning
In the model learning procedure, we wish to learn the parameters of the
model and the latent variable Z. In general, this can be achieved by maximizing the marginal likelihood p(X, Y |Z, θ) where we use θ to denote all the
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parameters involved in the model. However, since the generation of Y is significantly different from the conventional GPLVM, the derivation of marginal
likelihood is difficult. In this subsection, we give a detailed formulation of the
marginal likelihood and the corresponding optimization algorithm.
From the generation process, we can obtain that X and Y are conditional
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independent given the latent variable Z and hyper-parameters θ. Thus, we can
write the joint marginal likelihood of X and Y as
L = p(X, Y |Z, θ) = p(X|Z, θ)p(Y |Z, θ)

(7)

By taking log of the Eq.(7), we get the log marginal likelihood,
ln p(X, Y |Z, θ) =

D
X

ln p(x:,d |Z, θ) +

T
X

ln p(y:,t |Z, θ)

(8)

t=1

d=1

where x:,d and y:,t denote the dth column of X and the tth column of Y respectively. Obviously, the computation of L mainly contains two terms, p(x:,d |Z, θ)
220

and p(y:,t |Z, θ). Since the first term can be computed analytically as the conven-

10

tional GPLVM, the primary challenge is the computation of p(y:,t |Z, θ) which
involves a linear transformation of the latent functions {φm }M
m=1 .
We follow the approach in GPR [19] and use the following formulation to
calculate the distribution p(y:,t |Z, θ).
Z
p(y:,t |Z, θ) =
p(y:,t |ft , θ)p(ft |Z, θ)dft

(9)

ft
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where ft = [ft1 , ..., ftN ] denotes the latent variables associated with the tth task.
We define matrices Φ = [φ1 , ..., φM ] and F = [f1 , ..., fT ]. Since φm ∼
N (0, K0 ), we can conclude that the distribution of ft = Φwt is also a gaussian
(The linear combination of gaussian distributed variables is itself gaussian).
Thus, we can specify p(ft ) by finding its mean and covariance. As shown in
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Eq.(10), the mean is 0, since E[φm ] = 0 (m = 1, ..., M ).
µft = E[ft ] = E[Φ]wt = 0

(10)

The derivation of the covariance is difficult because of the linear transformation.
In this paper, we use the following equation to approximate the covariance
E[ft ftT ].
Kft = E[ft ftT ] = E[Φwt wtT ΦT ] ≈ E[ΦDt ΦT ]

(11)

In Eq.(11), we assume that matrix wt wtT can be approximated by a diagonal
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2
matrix Dt where the mth diagonal element dmm = wtm
. This formulation is

reasonable as it can be considered that we have ignored the correlation among
the columns of matrix Φ. As a result, we can obtain Kt by the following
equation.
Kft ≈

M
X

2
wtm
E[φm φTm ] =

m=1

M
X

2
wtm
Km

(12)

m=1

where E[φm φTm ] is the covariance of gaussian distribution N (0, Km ). From the
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above formulation, P (ft ) is a gaussian distribution with mean 0 and covariance
PM
2
m=1 wtm Km as shown in Eq.(13),
Z
p(y:,t |Z, θ) =
p(y:,t |Φ, θ)p(Φ|Z, θ)dΦ = N (0, Ct )
(13)
Φ

11

where Ct =

PM

m=1

2
wtm
Km + σt2 I. Similar to the derivation of GPLVM in

Section 2.1, we can get ln p(X|Z, θ)
ln p(X|Z, θ) =

D
X

ln p(X:,d |Z, θ) =

d=1

D
X

ln N (0, K0 + 2 I)

(14)

d=1

Substituting Eq.(13) and Eq.(14) into Eq.(8), we can obtain the log marginal
245

likelihood L directly.
With the above derivation, the HGPMT realize the simultaneous learning
for multiple tasks by allowing these tasks to share a set of kernel functions with
task-specific parameters. In fact, this method can be considered as a multikernel learning which has been proven perform better in learning non-stationary
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function [41]. It is worthy to point out that although a further exploration for
the correlation information of dependent tasks is not made in this paper, we can
likewise also use regularization method to improve the performance of HGPMT
by imposing prior information of tasks relation on the parameters..
As the optimization process in GPR and GPLVM, the maximization of the
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log marginal likelihood can be done using efficient gradient-based optimization
algorithms such as conjugate gradients [42]. By using the chain rule, the gradient
∂ ln p(X, Y |Z, θ)/∂θ can be computed analytically as
D
T
∂ ln p(X, Y |Z, θ) X ∂ ln p(x:,d |Z, θ) ∂C0 X ∂ ln p(y:,t |Z, θ) ∂Ct
=
+
(15)
·
·
∂θ
∂C0
∂θ t=1
∂Ct
∂θ
d=1

where C0 = K0 + 2 I. From Eq.(8), there are two kinds of parameters to be
learned, i.e., the hyper-parameters θ (including the weight matrix W , the kernel
260

M
parameters {Am }M
m=0 corresponding to the kernel matrices {Km }m=0 and the

noises parameters {σt }Tt=1 and ) and the latent variables Z. In order to speed
up the convergence, we first train a conventional GPLVM on the input variables
X and then use the learned latent variables to initial Z. The optimization
procedure is detailed in Algorithm 1 which involves two main steps: In the
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first step, maximizing L with respect to W , {σt }Tt=1 ,  and {Am }M
m=0 for fixed
Z. Alternatively, in the second step , maximizing L with respect to Z for
fixed parameters which have obtained from the first step. Such an alternating
12

procedure is terminated until that the variation of L between two iterations is
less than some predefined threshold.
Algorithm 1 Hyper-parameters and latent variables learning
Inputs: The training samples {X, Y }, the number of kernels M and the dimensionality of
the latent variables L .
Outputs: The weight matrix W , the noise parameters {σt }T
t=1 and , the kernel parameters
{Am }M
m=0 and the latent variables Z.
M
1: Initial parameters W , {σt }T
t=1 ,  and {Am }m=0 randomly.

2: Initial Z by training a GPLVM on X.
3: repeat
4:

M
Maximize L with respect to {σt }T
t=1 ,  and {Am }m=0 for fixed Z

arg
5:

max

M
{σt }T
t=1 ,,{Am }m=0

M
ln p(X, Y |Z, {σt }T
t=1 , , {Am }m=0 )

M
Maximize L with respect to Z for fixed {σt }T
t=1 ,  and {Am }m=0
M
arg max ln p(X, Y |Z, {σt }T
t=1 , , {Am }m=0 )
Z

6: until the variation of L between two iterations is smaller than some predefined threshold.
M
7: return W , {σt }T
t=1 , , {Am }m=0 and Z
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In each iteration step above, the main computation cost of HGPMT is inverting the N × N total samples covariance matrix and its total computational
complexity is O(N 3 ). However, the cross-covariance-based methods (Kronecker
GP [14] and focus MT-GP [27]) require to invert the T × N covariance matrix,
giving the complexity of O(T 3 N 3 ). Thus, the HGPMT has much lower compu-
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tational complexity than the cross-covariance-based methods. For a comparison,
we also list the computational complexity of GPMTFS [17] and MTMKL [26]
in Table 1, where Nmax denotes the largest sample size in tasks t ∈ 1, ..., T .
Although GPMTFS and MTMKL have lower or same complexity, they fail to
utilize the correlation information among dependent tasks and have a lower

280

accuracy than our HGPMT in the experimental section.
3.3. Prediction of New Samples
The goal of supervised learning is to predict the target value of a new input
sample x∗ . For the HGPMT, its prediction process mainly contains two steps:
13

Table 1: Time complexity of the GP-based methods.
Methods

HGPMT

GPMTFS

Kronecker GP

MTMKL

focused MT-GP

Complexity

O(N 3 )

3
O(Nmax
)

O(T 3 N 3 )

O(N 3 )

O(T 3 N 3 )

feature learning and prediction.
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In the feature learning step, the algorithm uses the first layer of HGPMT to
learn the latent representation z∗ of x∗ . Since we have learned the parameters
of HGPMT, z∗ can be learned in the same way as in [29]. This is reasonable,
since the generation process of the input x is modeled as a complete GPLVM
which can be extrapolated to new test samples. Thus, given a testing data x∗ ,
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we can derive the marginal likelihood of p(x∗ |Z, z∗ , X) from Eq.(1), then, z∗
can be optimized by maximizing p(x∗ |Z, z∗ , X) with gradients-based method.
In the prediction step, after learning the latent variable z∗ , we can utilize the
prediction method used as in GPR to get the target values of each task. This
process is similar to GPR prediction except that the ordinary kernel is replaced
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by a weighted combination of multiple common kernels. Given the estimated
weight matrix W , kernel parameters and and noise parameter, it is straightforward to find out the combined kernel and then predict the corresponding
target values for latent variable z∗ . The whole prediction algorithm is detailed
in Algorithm 2.
Algorithm 2 Prediction of new samples
Inputs: The training samples {X, Y } and the latent variables Z, the weight matrix W , the
M
noise parameters {σt }T
t=1 and , the kernel parameters {Am }m=0 .

Outputs: the prediction mean µ(x∗ )t and the variance var(x∗ )t of x∗ for t = 1, ..., T .
1: Optimize for z ∗ :
M
arg max
ln p(x∗ |Z, z∗ , X, {σt }T
t=1 , {Am }m=1 )
∗
x

2: Calculate the mean µ(x∗ )t and the variance var(x∗ )t for t = 1, ..., T
µ(x∗ )t = kft (z∗ Z) (σt2 I + Kft (ZZ) )−1 yt
var(x∗ )t = kft (z∗ z∗ ) − kft (z∗ Z) (σt2 I + Kft (ZZ) )−1 kft (Zz∗ )
3: return µ(x∗ )t and var(x∗ )t for t = 1, ..., T .

14

(16)
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4. Experiments and Analysis
In this section, we demonstrate the effectiveness of the proposed HGPMT
method by comparing it with recently proposed related GP-based methods (Kronecker GP [14], focused MT-GP [27], GPMTFS [17] and MTMKL [26]) on both
synthetic and real landmarks datasets. In the synthetic data test, we evaluate
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the accuracy of HGPMT in learning multiple tasks together and its improvement by using task relation information. This can be demonstrated by comparing
HGPMT with independent GPs which are trained separately on each task. We
also conduct several experiments on three benchmark datasets and compare the
result with the related GP models. Throughout our experiment, we use Squared
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Exponential (SE) kernel in HGPMT, Kronecker GP, focused MT-GP, MTMKL
methods and ARD kernel in GPMTFS method. During the experiment, since
focused MTGP is a transfer machine learning method (where we should specify
a primary task and a set of secondary tasks), we randomly choose a task from
the training dataset as the primary task and the rest tasks as the secondary
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tasks. Then, we use this setting to test the focus MTGP throughout the experiment. The performance measurement used in the experiment are Mean Square
Error (MSE) and explained variance. Specifically, for the synthetic datasets, we
use MSE to intuitively demonstrate the difference between the predicted value
and observed value. For the real landmarks datasets, we measure the perfor-
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mance of the MTL methods using explained variance which reflects not only the
quality of the regression, but also the distribution of the independent variables.
4.1. Synthetic Data Test
To demonstrate the effectiveness of the HGPMT in multi-task learning, we
construct an artificial dataset which contains 12 tasks. The correlations are built

325

into the data by jointly drawing samples of all tasks from the same gaussian
process GP(0, K f ⊗ K x ), where K x is a non-stationary kernel as shown in
Eq.(17), K f a PSD matrix that specifies the inter-task similarities. We draw
81 samples for each task and then add gaussian noise to each sample. In order

15

to test the model on unobserved samples, we randomly draw 17 samples of a
330

continuous region in each task as the test set. Since having already obtained
the inter-task similarity matrix K f , we use this matrix to compute a Laplacian
matrix and construct a graph regularization term on W as mentioned in [43].
We call such kind HGPMT as regularized-HGPMT method. Our intention
here is to explore whether HGPMT and regularized-HGPMT can utilize the
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correlation among tasks and give better performance in those unobserved regions
than GPs trained independently.
 2

−x − x02
K(x, x0 ) = exp
(4cos(0.5(x − x0 )) + cos(2(x − x0 )))
20

(17)

During the experimental process, we test the HGPMT and the regularizedHGPMT with different task numbers (T ∈ {2, 4, 6, 8, 10, 12}). For comparison, we also train T independent Gaussian process regressors respectively cor340

responding to T tasks. The HGPMT, the regularized-HGPMT and the independent GPs all adopt the SE kernel as their covariance function. Specifically, 12 SE kernels are used in both HGPMT and regularized-HGPMT. Figure
1 shows the synthetic samples (∗ and ◦ denote the observed and unobserved
samples respectively), the predicted means of HGPMT (the black solid lines),
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regularized-HGPMT(the green solid lines) and independent GPs (the dotted
lines) for T = 6. As seen from the figure, in most cases, HGPMT, regularizedHGPMT and independent GPs can fit the data well to dense data region. However, in sparse data region, HGPMT significantly outperforms independent GPs while regularized-HGPMT obtains the best result, indicating the HGPMT
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and the regularized-HGPMT can more sufficiently exploit the correlation among tasks and make more accurate prediction on unobserved samples. Moreover, regularized-HGPMT can further improve the performance by utilizing the
known task relation information.
To further explore the performance, we compare the HGPMT, the regularized-
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HGPMT with the independent GPs by gradually increasing the number of tasks
(from 2 to 12). The MSE of the each task is shown in Figure 2. As we can see, the
MSEs of independent GPs remain unchanged with the increase of task number.
16

However, the MSEs of HGPMT and regularized-HGPMT decrease obviously
with the increasing of the related task number. Moreover for varying number
360

of related tasks, regularized-HGPMT always has a lower MSE than HGPMT,
which demonstrates the effectiveness of using task relation information.
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Figure 1: The predicted mean curves of HGPMT and independent GPs for T = 6. ∗ and ◦
denote observed and unobserved samples respectively. The black solid, green solid and dotted
lines denote the predicted means of HGPMT, regularized-HGPMT and independent GPs,
respectively.

4.2. School Data
School dataset [43] is a real-world multi-task dataset from Inner London
Education Authority. This dataset contains 15362 examination records of stu365

dents in 139 secondary schools from the year 1985 to 1987. It mainly consists
two kinds of features: the student-related features (including year of the exam,
gender, VR band and ethnic group) and the school-related features (percentage
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Figure 2: The MSEs of HGPMT, regularized-HGPMT and independent GPs for T =
{2, 4, 6, 8, 10, 12}.
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of students eligible for free school meals in the school, percentage of students in
VR band one in the school, gender of the school (i.e. male, female, mixed) and
370

school denomination). Our goal is to predict the exam score of a student that
belongs to a specific school by considering each school as a task. It should be
noted that for the dataset, we have access to the school-related features, thus
can use these features to compute its Laplacian matrix which is in turn used to
construct a graph regularization term as mentioned in [43]. With this method,
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we can utilize the tasks relation information to improve the performance of
MTL. In the procedure of data pretreatment, we use the method described in
[43] to create dummy variables for each discrete student-related feature. At last,
we obtain 27 input features and then use them to train the models. In order
to fully explore HGPMT, we compare it with closely related GP-based MTL
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methods with varying number of tasks and samples.
Firstly, we compare the HGPMT with the related models with task numbers (T ∈ {2, 50, 100, 139}). Specifically, we randomly draw T tasks and make 10
random splits of the corresponding samples into training (75%) and test (25%).
Then, we use these datasets to obtain the optimal hyper-parameters and eval-

385

uate the performances of the models. The performances are measured by the
explained variance (a widely used performance measure for multi-task learning).
The explained variance is defined to be the total variance of the data minus the
sum squared error on the test set as a percentage of the total data variance,
which is a percentage version of the standard R2 error measure for regression
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for the test data. Specifically, it is defined as
Explained variance =

total variance − sum of square errors
total variance

(18)

= 1 − M SE/variance
where total variance denotes the sum of the individual variances, variance =
total variance
,
N

M SE =

sum of square errors
N

and N denotes the number of sam-

ples. Obviously, the explained variance (18) is consistent with MSE in MTL
learning methods. A lower MSE corresponds to a higher explained variance.
395

Thus, a high value of explained variance is preferred over a low value. The re19

sult is shown in Figure 3. From Figure 3, we can conclude that the joint feature
learning based methods (HGPMT and GPMTFS) have better MTL data fusion
capability and can obtain more accurate results. As a transfer learning method,
the focus MT-GP has a lower explained variance than other methods, since the
400

correlation information among the secondary tasks is not fully utilized. We also
can see that the accuracies of all the models become higher with the increasing
number of tasks. However, the HGPMT obtains higher explained variance than
other models, implying that the HGPMT outperforms other compared methods. While the regularized-HGPMT shows the best result, demonstrating that

405

our HGPMT can make sufficient use of the correlation information of dependent
tasks to improve the performance of MTL.
Secondly, we also compare the HGPMT with the related methods in performance by using varying size of training samples. Specifically, we randomly
draw h% (h ∈ {20, 40, 60, 80, 100}) samples of the training set in each of the 10
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random splits. Then, we take this subset and the corresponding test set as final
train set and test set, respectively. Figure 4 shows how the training size affects
the performance of the models. As we can see, when the number of samples in
each task is relatively low, the explained variances of all the models show poor
performances. As the training size increases, the performances of all the models

415

are accordingly improved. However, the HGPMT and the regularized-HGPMT
are more improved in performance than other models, proving the effectiveness
of our methods.
4.3. Personal Computer Data
Personal Computer Data is also a real word dataset including the ratings

420

of personal computers by students. Specifically, there are 190 students and 20
personal computers. Each computer contains 14 binary features (such as price,
RAM, Hard Disk, Color of unit and so on). Students were asked to rate their
likelihood of each computer. The likelihoods are denoted by integer number
ranged from 0 to 10. Thus, we can treat students and computers as tasks
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and samples, respectively. Although there is no task correlation information
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Figure 3: Explained variance vs varying num- Figure 4: Explained variance vs varying number of training tasks on School Data.

ber of training samples on School Data.

available for this dataset, our HGPMT method can still give more accurate
results.
During the experimental process, we compare HGPMT with related models
by using different numbers of tasks and training samples. The performance is
430

also measured by using explained variance. Firstly, as described in Section 4.2,
we randomly draw samples of T ∈ {2, 50, 100, 150, 190} tasks and then make 10
random splits of the these samples into training dataset (80%) and test dataset
(20%). Since each task has 20 samples, there are 16 and 4 samples in the
training and test dataset for each task, respectively. The explained variances
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of HGPMT and related models are shown in Figure 5. It is worth noting that
when the number of tasks is relatively low, all of the models have a poor performance, due to the small sample size problem. Since all the tasks in personal
computer data are dependent, increasing the number of tasks can cause the
improvement of all the models. Secondly, we also evaluate the performance of
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HGPMT with respect to the number of training samples. Specifically, we draw
h% (h = 20, 40, 60, 80, 100) samples of the training samples and all the test
samples as training set and test set. The explained variances of all models are
shown in Figure 6. As we can see, HGPMT also gives the better result than
other methods. It is worth to note that there are no task-related features in

445

this dataset, thus we do not compare the regularized-HGPMT with the other

21

methods.
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Data.

4.4. SARCOS Data
The SARCOS data relates to an inverse dynamics problem for a seven
degrees-of-freedom SARCOS anthropomorphic robot arm. Our goal is to map
450

from a 21-dimensional input space (7 joint positions, 7 joint velocities, 7 joint
accelerations) to the corresponding 7 joint torques. It is obvious that there are
7 tasks and 21 input features. In this experiment, we compare the HGPMT
with independent GPs and MTMK method which is also a multi-kernel MTL
method. Specifically, the experiment mainly includes two aspects: firstly, we ex-
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plore the influence of kernel function number M ∈ {4, 9, 15} and latent variable
dimensionality L ∈ {10, 30} on the performance of HGPMT; secondly, we validate whether HGPMT can learn better combination of multiple kernels and give
better performance than MTMK. We randomly sampled 100, 200, 300, 400, 500
samples for training set and 2000 samples for test set. Then we perform 10
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random splits of the data and run independent GPs, MTMK, HGPMT on these
datasets. The mean and the standard deviation of the explained variances in
the 10 trials are shown in Table 2. As we can see, the performances of both
HGPMT and MTMK are affected by the number of kernel functions. The performance of HGPMT is also affected by the latent variable dimensionality. In
22

465

many cases, HGPMT can outperform the MTMK method. Furthermore, with
the same number of kernels, our HGPMT has higher accuracy than MTMK,
indicating that HGPMT can learn better combination of multiple kernels for
multi-kernel learning.
Table 2: Comparison of MTL methods on the Sarcos dataset in terms of explained variance
where M T M Kj denotes MTMK method with M = i and HGP M Ti,j denotes HGPMT
method with M = i, L = j.
independent GP s

#100

#200

#300

#400

#500

0.5583±0.0053

0.5745±0.0015

0.5838±0.0017

0.5965±0.0013

0.6012±0.0012

M T M K4

0.5990±0.0026

0.6746±0.0014

0.7218±0.0017

0.7300±0.0012

0.7636±0.0011

M T M K9

0.6713±0.0039

0.7493±0.0016

0.7993±0.0018

0.8143±0.0012

0.8365±0.0011

M T M K15

0.6767±0.0042

0.7548±0.0014

0.8064±0.0019

0.8217±0.0014

0.8428±0.0013

HGP M T4,10

0.6923±0.0024

0.7536±0.0015

0.7941±0.0016

0.8354±0.0012

0.8436±0.0011

HGP M T4,30

0.6836±0.0025

0.7651±0.0011

0.8197±0.0012

0.8567±0.0011

0.8655±0.0010

HGP M T9,10

0.6836±0.0039

0.7754±0.0017

0.8382±0.0014

0.8491±0.0012

0.8656±0.0011
0.8750±0.0013

HGP M T9,30

0.7092±0.0042

0.7956±0.0011

0.8598±0.0014

0.8650±0.0015

HGP M T15,10

0.7127±0.0038

0.7927±0.0011

0.8597±0.0016

0.8622±0.0013

0.8750±0.0011

HGP M T15,30

0.7073±0.0026

0.8100±0.0013

0.8649±0.0015

0.8700±0.0014

0.8922±0.0012

4.5. Comparison of time complexity
470

In Section 3.2, we have given the theoretical analysis of the computation complexity of all methods. In order to further evaluate the efficiency of HGPMT,
we also conduct an empirical comparison among Kronecker GP [14], GPMTFS
[17], MTMKL [26], focused MT-GP [27] and our HGPMT. Their training times
on the School and Personal Computer data sets are respectively shown in Fig-
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ures 7 and 8 from which we can witness that both Kronecker GP and focused
MT-GP are more time-consuming, especially for large scale problems (where
the numbers of tasks and training samples are both large), while both HGPMT
and regularized-HGPMT have comparable time complexity to GPMTFS and
MTMKL. Furthermore, both HGPMT and regularized-HGPMT give higher ac-
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curacy as shown in Sections 4.1 and 4.2. All these results verified our theoretical
analysis in Section 3.2.
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Figure 7: Training time comparison on School Figure 8: Training time comparison on PersonData.

al Computer Data.

5. conclusion
In this paper, we establish a two-layer unified framework for jointly learning
the latent shared features among tasks and the multi-task prediction model.
485

As a multi-task learning method, this framework can embed task relation prior
information into the task-specific parameter and effectively address the problem
involving in the GP-based multi-task feature learning methods which are unable
to handle such information. Furthermore, our method has much lower computational complexity comparing with the cross-covariance-based methods which can
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utilize the task relation information by constructing a large cross-covariance matrix. Experimental results show that this method has better multi-task learning
performance and can also be considered as multi-kernel learning method which
can efficiently learn the non-stationary functions. In addition, although we just
use the graph-regularization-based method to embed task relation information
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into our modeling, there are also many other applicable methods, e.g., multitask lasso [15], task clustering method [12]. And further exploring them to
promote our HGPMT also deserves to be attempted.
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